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Tony Wu at the IPAM

Tony Wu, Autoformalization with Large Language Models (IPAM (UCLA), Feb 15, 2023)
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http://www.ipam.ucla.edu/abstract/?tid=18227&pcode=MAP2023


Melanie Mitchell on PaLM2

https://blog.google/technology/ai/google-palm-2-ai- large-language-model/
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What’s So Funny?

� Proof assistants and automated theorem provers were supposed to prevent the

frailty of human proving practices instead of reproducing them and relying on them

as a gold standard.

� Mathematical literacy was supposed to be a condition to write and read scientific

papers and mathematical expressions instead of their miraculous effect.

� Natural language was considered the cause of rather than the solution to the

multiple problems preventing mathematics from achieving higher degrees of

precision.

� More generally, the formal nature of mathematics was believed to make it

impassive to the strong empirical position assumed by connectionist approaches

guiding the application of DNNs.
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Arithmetic in GPT-3

(Brown et al., 2020)
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Reasoning in ChatGPT o3
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Main Orientations in DNN Applications to Maths

� Proof-Oriented

— Bansal et al., 2019; Polu and

Sutskever, 2020; Wu et al., 2022.

� Object-Oriented

— Blechschmidt and Ernst, 2021;

Charton, 2021; d’Ascoli et al., 2022;

Lample and Charton, 2019; Li et al.,

2021

� Skill-Oriented (e.g., Reasoning)

— Brown et al., 2020; Lewkowycz

et al., 2022; Shen et al., 2021

� Heuristic-Oriented

— Davies et al., 2021; Wagner, 2021

(Alemi et al., 2016)

(Peng et al., 2021)

(Lample and Charton, 2019)

(Davies et al., 2021)
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Philosophical Significance: The Return of Language

� Research orientations tend to be spontaneously organized according to the AI

researchers’ implicit assumptions as to what characterizes mathematical practice

(i.e. what it is that we do when we do mathematics).

� However, practically all applications share a common philosophical assumption:

Written natural language plays a critical role in the processing mathematical

knowledge.

� The potential success of DNN methods in mathematics is inseparable from a

reorientation of the epistemology of mathematics from logic and formal systems

to natural language and vernacular writing practices.
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Stochastic parrots vs. AGI

📉🦜

LLMs are not like us,

therefore they do not and can not have any relation to natural language.

🤖🧠

LLMs have a relation to natural language,

therefore they are like us.
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Empirical Saturnalia

Zico Kolter, Building Safe and Robust AI Systems, Keynote at ICLR 2025.
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Programs As Formal Objects
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New Research Orientation

� Why and how, irrespective of the model, a phenomenon under study can be

captured through the distributional analysis of data at all?

� What are, irrespective of the model, the general principles for capturing

distributional phenomena?
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Distributionalism and Word Embeddings

� Distributional Hypothesis
(Harris, 1960; Saussure, 1959)

— “You shall know a word by the company it keeps!”

(Firth, 1935)

— “Words which are similar in meaning occur in similar

contexts” (Rubenstein & Goodenough, 1965)

— The content of a linguistic unit is determined by its

distribution over a corpus (i.e., the other units

appearing in its context)

� Computational version:

Word Embeddings

� Interpretability efforts on vector representations of
mathematical expressions

— (e.g. d’Ascoli et al., 2022; Gao et al., 2017;

Krstovski & Blei, 2018; Purgał et al., 2021; Ryskina

& Knight, 2021)
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(https://projector.tensorflow.org)
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Peano Axioms

1. 0 is a number.

0 ∈ N
2. If n is a number, the successor of n is a number.

n ∈ N =⇒ succ(n) ∈ N
3. 0 is not the successor of a number.

∀n ∈ N, 0 6= succ(n)
4. Two numbers of which the successors are equal are themselves equal.

∀n, m ∈ N, succ(x) = succ(y) =⇒ x = y

5. If a set S of numbers contains 0 and also the successor of every number in S,
then every number is in S (induction axiom).

0 ∈ S ∧ (∀n, n ∈ S =⇒ succ(s) ∈ S) =⇒ ∀n ∈ S, n ∈ N

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 13/48



The Distributional Properties of Characters

Ai,j = pmi(ci; cj) = log p(ci,cj)
p(ci)p(cj)

- / 0 1 2 3 4 5 6 7 8 9 = a b c d e f g h i j k l m n o p q r s t u v w x y z

-

/
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The Characteristic Content of Digits

= - / 0 9 8 3 4 5 6 7 1 2 u i e a o y k z x s d g n l r h c t q v f m p w b j
Characters

0

2

4

6

8

Di
st

an
ce

 (w
ar

d)

O := {=, −,-, /}
D := {0, 9, 8, 3, 4, 5, 6, 7, 1, 2}
V := {u, i, e, a, o}
C := {y, k, z, x, s, d, g, n, l, r, h, c, t, q, v, f, m, p, w, b, j}
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The Syntactic Content of Digits
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The Syntactic Content of Digits

- /
 = 
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The Characteristic Content of Digit Pairs
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Benford’s Law
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Informational Content and Order

δ p(δ) n10(δ)
1 0.301 1

2 0.176 2

3 0.125 3

4 0.097 4

5 0.079 5

6 0.067 6

7 0.058 7

8 0.051 8

9 0.046 9

D := {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0}
N := D∗

δ ∈ D
ν1, ν ′

1, ν2, ν ′
2 ∈ N

nb : N → N
ν 7→ valeur numérique de ν en base b

p : D → [0, 1]

δ 7→ log
(

1 + 1
nb(δ)

)

p(νν ′) ?= C(p(ν), p(ν ′))

nb(ν1ν ′
1) ≤ nb(ν2ν ′

2) ⇐⇒ C(p(ν1), p(ν ′
1)) ≤ C(p(ν2), p(ν ′

2))
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Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)

nb(δ) = B−1(δ) = 1
bp(δ)−1

p(νν ′) =

B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)
nb(δ) = B−1(δ) = 1

bp(δ)−1

p(νν ′) =

B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)
nb(δ) = B−1(δ) = 1

bp(δ)−1

p(νν ′) =

B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)
nb(δ) = B−1(δ) = 1

bp(δ)−1

p(νν ′) =

B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)
nb(δ) = B−1(δ) = 1

bp(δ)−1

p(νν ′) =

B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Constructing C
p(δ) = B(δ) = logb

(
1 + 1

nb(δ)

)
nb(δ) = B−1(δ) = 1

bp(δ)−1

p(νν ′) = B(νν ′) = logb(1 + 1
nb(νν ′))

= logb(1 + 1
nb(ν) · b|ν′| + nb(ν ′)

)

= logb(1 + 1
B−1(ν) · b|ν′| + B−1(ν ′)

)

= logb(1 + 1
1

bp(ν)−1 · b|ν′| + 1
bp(ν′)−1

)
(
with |ν|=

⌊
logb( 1

bp(ν)+1
)
⌋

+1
)

=: C(p(ν), p(ν ′))

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 20/48



Benford in Data (δ)

1 2 3 4 5 6 7 8 9

0.05

0.1

0.15

0.2

0.25

0.3
Benford
Unigram

δ

p(
δ)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 21/48



Benford in Data (δ)

1 2 3 4 5 6 7 8 9

0

0.1

0.2

0.3

0.4

0.5 Benford
Leading

δ

p(
δ)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 21/48



Benford in Data (δ)

1 2 3 4 5 6 7 8 9

0.05

0.1

0.15

0.2

0.25

0.3

Benford
Leading Filtered

δ

p(
δ)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 21/48



Benford in Data (δδ′)

20 40 60 80 100

0

0.05

0.1

0.15

0.2

0.25

leading δδ'
Benford
Polynomial Regression (n=8)

δδ'

p(
δδ

')

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 22/48



Benford in Data (δδ′)

20 40 60 80 100

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08
leading δδ' filtered
Benford
Polynomial Regression (n=8)

δδ'

p(
δδ

')

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 22/48



Outline

Bring-Ins

Philosophical Perspectives

Historical Perspectives

Epistemological Perspectives

Conceptual Perspectives

Theoretical Perspectives

Takeaways



Embeddings in LLMs

Tokenization

(Sennrich et al., 2016)

Epistemology of Machine Learning

Distributional Language Models

(https://tiktokenizer.vercel.app)

Embedding

(Mikolov et al., 2013)

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

(https://projector.tensorflow.org)

Attention

(Vaswani et al., 2017)

(https://github.com/jessevig/bertviz)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 23/48

https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz


Embeddings in LLMs

Tokenization

(Sennrich et al., 2016)

Epistemology of Machine Learning

Distributional Language Models

(https://tiktokenizer.vercel.app)

Embedding

(Mikolov et al., 2013)

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

(https://projector.tensorflow.org)

Attention

(Vaswani et al., 2017)

(https://github.com/jessevig/bertviz)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 23/48

https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz


Embeddings in LLMs

Tokenization

(Sennrich et al., 2016)

Epistemology of Machine Learning

Distributional Language Models

(https://tiktokenizer.vercel.app)

Embedding

(Mikolov et al., 2013)

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

(https://projector.tensorflow.org)

Attention

(Vaswani et al., 2017)

(https://github.com/jessevig/bertviz)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 23/48

https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz


Embeddings in LLMs

Tokenization

(Sennrich et al., 2016)

Epistemology of Machine Learning

Distributional Language Models

(https://tiktokenizer.vercel.app)

Embedding

(Mikolov et al., 2013)

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

(https://projector.tensorflow.org)

Attention

(Vaswani et al., 2017)

(https://github.com/jessevig/bertviz)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 23/48

https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz


Formal Explainability

Embedding

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

Data

Structure

?

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 24/48



Formal Explainability

Embedding

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

Data

Structure

?

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 24/48



Embeddings: Similarity and Analogy

Embedding Projector

DATA

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 101
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

palace 0.512

houses 0.513

representatives 0.562

commons 0.564

hall 0.592

parliament 0.595

senate 0.608

royal 0.626

castle 0.626

hotel 0.646

town 0.650

seat 0.658

lords 0.664

tower 0.670

residence 0.673

corner 0.674

chamber 0.676

cathedral 0.676

building 0.684

street 0.688

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

No color map

 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 101 points

house
Search

house .*

 by

word

100

BOOKMARKS (1) 

house(https://projector.tensorflow.org)

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

Alice

Bob

cow

bull

woman

man

landlady

landlord

she

he

actress

actor

heroine

hero

princess

prince

queen

king

wells

tours

tearing

resources
working

free
earned

weekly

humanitarian

progressing
billions

beneficial

significance
amongst

bars

settlers

demonstrating

therapeutic

● Selected pairs of words related by gender

● Random pairs of words

-10 -5 0 5 10

-10

-5

0

5

10

word2vec PCA projection: Gender

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 25/48

https://projector.tensorflow.org


Embeddings: Other Applications

●
●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

worst

worse

bad

best

better

good

darkest

darker

dark
softest

softer

soft

clearest

clearer

clear

loudest

louder

loud
strongest

stronger

strong

shortest

shorter

short
slowest

slower

slow

solicitmeats

desire

airflow

bristles

assuring
surefire

policyholder

expedited

ballistic

reconciliation

white

finds

afire
swish

ultimate impressed

slurry

bridging

parasitic
mule
biometrics

mourned

detected fauna

hydrantscatcher

● Selected triads of comparatives

● Random triads of words

-10 -5 0 5 10
-10

-5

0

5

10

word2vec PCA projection: Comparatives

(Mikolov, Sutskever, Chen, Corrado, Dean, et al., 2013)

(Belrose et al., 2024)

(https://nlp.stanford.edu/~johnhew/structural-probe.html)

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 26/48

https://nlp.stanford.edu/~johnhew/structural-probe.html


Formal Explainability

Embedding

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

Data

Structure

?

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 27/48



Formal Explainability

Embedding

Embedding Projector

DATA

 

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 29
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

teaching 0.451

knowledge 0.556

cognitive 0.566

educational 0.568

education 0.574

thinking 0.604

learn 0.613

training 0.615

understanding 0.626

communication 0.630

learned 0.632

instruction 0.633

mathematics 0.636

study 0.637

skills 0.644

information 0.648

mind 0.651

creating 0.655

motivation 0.656

studying 0.662

resource 0.667

teachers 0.667

teach 0.668

experience 0.668

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

count

Use categorical coloring
 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 29 points

learning
Search

Learning .*

 by

word

28

BOOKMARKS (0) 

Download the metadata with
applied modi]cations

Data

Structure

?

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 27/48



Formal Explainability

Embedding

{-,/,0,1,2, . . . ,8,9,=,

a,b,c, . . . ,w,x,y,z,é}

Data

Structure

?

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 27/48



word2vec Explained
(Levy & Goldberg, 2014)

` = ∑
w∈Vw

∑
c∈Vc

#(w, c)( log σ(~w · ~c) + k · EcN ∼PD
[log σ(−~w · ~cN)])

∂`
∂(~w · ~c) = 0 when ~w · ~c = log

(
#(w,c)·|D|
#(w)·#(c)

)
− log k

� Word2vec performs an implicit, low-dimensional factorization of a

pointwise mutual information (pmi), word-context matrix.

� The Singular Value Decomposition (SVD) provides an exact solution to this

problem.
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We need something more formal

Effect of subsampling and rare-word pruning word2vec has two additional
parameters for discarding some of the input words: words appearing less
than min-count times are not considered as either words or contexts,
an in addition frequent words (as defined by the sample parameter) are
down-sampled. Importantly, these words are removed from the text before
generating the contexts. This has the effect of increasing the effective win-

dow size for certain words. According to Mikolov et al. [2], sub-sampling
of frequent words improves the quality of the resulting embedding on some
benchmarks. The original motivation for sub-sampling was that frequent
words are less informative. Here we see another explanation for its effec-
tiveness: the effective window size grows, including context-words which
are both content-full and linearly far away from the focus word, thus mak-
ing the similarities more topical.

4 Why does this produce good word represen-

tations?

Good question. We don’t really know.
The distributional hypothesis states that words in similar contexts have sim-

ilar meanings. The objective above clearly tries to increase the quantity vw · vc
for good word-context pairs, and decrease it for bad ones. Intuitively, this
means that words that share many contexts will be similar to each other (note
also that contexts sharing many words will also be similar to each other). This
is, however, very hand-wavy.

Can we make this intuition more precise? We’d really like to see something
more formal.
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From matrices to distributional operators

X = {-,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c, . . . ,w,x,y,z,é}
Y = X × X = {(-,-),(-,/),(-,0), . . . ,(é,z),(é,é)}

M : X × Y → R
(x, y) 7→ pmi(x, y)

Mx : X → RY

x 7→ M(x, −)

My : Y → RX

y 7→ M(−, y)
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From matrices to distributional operators

M∗M∗ : RX → RX

M∗M∗ : RY → RY

{u1, . . . , um} ⊂ RX

{v1, . . . , vn} ⊂ RY

{λ1, . . . , λmin (m,n), 0, . . . , 0}

M∗M∗ui = λiui

M∗M∗vi = λivi

The ui and vi are (linear)

fixed points!

X RY

RX Y

Mx

M∗M∗M∗

M∗M∗M∗

My

U := [u1, . . . , um]
M = UΣV T V := [v1, . . . , vn]

Σ :=

 √
λ1 ··· 0
...
. . .

...
0 ···

√
λr


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The operator M∗M
∗ is a covariance matrix
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Eigenvectors as Fixed Points

M∗M
∗u = λu
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Structural Features

Eigenvectors of M∗M
∗:

- / 0 1 2 3 4 5 6 7 8 9 = a b c d e f g h i j k l m n o p q r s t u v w x y z é
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Plot

Û × Σ̂
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Words

church university field house centre ... held used offered found made

use leave keep buy meet ... boy club sun uk hotel

show boy project move play ... production size interests activities nature

used expected made considered allowed ... london europe scotland france england

used expected food water england ... during couple under series lot

perhaps indeed under during in ... cup bit series couple lot

difficult hard easy necessary close ... won gave started saw took

europe scotland england france lot ... middle want needs army could

wish tried seem seemed began ... received established won published produced
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Embeddings as Functors Over Categories

X = {-,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c, . . . ,w,x,y,z,é}
Y = X × X = {(-,-),(-,/),(-,0), . . . ,(é,z),(é,é)}

M : X × Y → R
(x, y) 7→ pmi(x, y)

Mx : X → RY

x 7→ M(x, −)

My : Y → RX

y 7→ M(−, y)

X RY

RX Y

Mx

M∗

M∗

My

M∗ : RX → RY

M∗ : RY → RX
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Embeddings as Functors Over Categories
C = {-,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c, . . . ,w,x,y,z,é}
D = C = {-,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c, . . . ,w,x,y,z,é}

Profunctor

M : Cop × D → Set
(c, d) 7→ M(c, d)

Mc : C →
(
SetD

)op

c 7→ M(c, −)

Md : D → SetCop

d 7→ M(−, d)

C (SetD)op

SetCop D

Y
o
n

ed
a

Mc

M∗

M∗

Md

Y
o
n

ed
a

M∗ : SetCop → (SetD)op

M∗ : (SetD)op → SetCop
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Embeddings as Functors Over Categories

Isbell Adjunction

M∗ : SetCop
� (SetD)op : M∗

M∗M∗ : SetCop → SetCop

M∗M∗ : (SetD)op → (SetD)op

Fix(M∗M∗) := {f ∈ SetCop |M∗M∗(f) ∼= f}
Fix(M∗M∗) := {g ∈ (SetD)op|M∗M∗(g) ∼= g}

Nucleus of M = {(f i, gi)}, such that:
M∗f i

∼= gi and M∗gi
∼= f i

The nucleus is a category

complete and cocomplete

C (SetD)op

SetCop D

Y
o
n

ed
a

Mc

M∗

M∗

Md

Y
o
n

ed
a

Categories C and D
can be enriched!

E.g.:

M∗ : 2Cop
� (2D)op : M∗

M∗ : R̄Cop
� (R̄D)op : M∗
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Binary Fixed Points
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Binary Fixed Points

M∗M∗f = f
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“Eigensets”

M∗M∗f = f
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Partial Order Structure
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Dual Partial Order
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Paring of Partial Ordered Fixed Points
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Enriching over R̄

Cop × D → 2Cop × D → R̄
⇓

M∗ : 2Cop
� (2D)op : M∗M∗ : R̄Cop
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?
w

l

t nch

2i ea

o

1 9

e,n

a,l

c,th,m

2,9a,i a,e

1,91,8

h,m,w

d,h,t j,o,q

c,f,tc,t,w

a,e,oa,e,i

1,2,8 1,8,9

a,e,i,o a,e,o,u

a,i,n,s 1,3,8,9

b,h,m,r,v

1,2,4,7,8,9

0,1,2,3,4,5,6,7,8,9

a

i

u

n

e

r

o

d

h t

l

0

a,h

0,5

n,r

0,7

n,s

h,oa,e

l,y

0,3,5

h,i,o d,g,t

n,s,t

0,4,5

h,k,oa,e,i

n,r,s 0,3,4,5

c,n,s,td,n,r,s,x l,n,r,s,t

f,m,n,r,u

0,5,6,7,8,9

0,2,5,6,7,8,90,4,5,6,7,8,9

0,2,4,5,6,7,8,9 0,2,3,5,6,7,8,9

M∗M∗

Structure

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 45/48



Enriching over R̄

Cop × D → 2Cop × D → R̄
⇓

M∗ : 2Cop
� (2D)op : M∗M∗ : R̄Cop
� (R̄D)op : M∗

?

M∗M∗

Structure

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 45/48



Enriching over R̄

Cop × D → 2Cop × D → R̄
⇓

M∗ : 2Cop
� (2D)op : M∗M∗ : R̄Cop
� (R̄D)op : M∗

?

M∗M∗

Structure

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 45/48



Enriching over R̄

Cop × D → 2Cop × D → R̄
⇓

M∗ : 2Cop
� (2D)op : M∗M∗ : R̄Cop
� (R̄D)op : M∗

?

M∗M∗

0

1

2

3

4

5

6

7

8

9

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

trace 36

trace 37

Structure

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 45/48



Enriching over R̄

Cop × D → 2Cop × D → R̄
⇓

M∗ : 2Cop
� (2D)op : M∗M∗ : R̄Cop
� (R̄D)op : M∗

?

M∗M∗

0

1

2

3

4

5

6

7

8

9

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

trace 36

trace 37

Structure

Juan Luis Gastaldi | Language and Mathematics in the Time of AI 45/48



Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011)

[G]iven a binary operation, noted

a, b 〈a|b〉 : A × B → C and a subset P ⊂ C (the ‘pole’)

one can define the polar X⊥ ⊂ B of a subset X ⊂ A
(resp. Y ⊥ ⊂ A of a subset Y ⊂ B) by :

X⊥ := {y ∈ B : ∀x ∈ X, 〈a|b〉 ∈ P }

Y ⊥ := {x ∈ A : ∀y ∈ Y, 〈a|b〉 ∈ P }

� The map ‘polar’ is decreasing:

X ⊂ X′ ⇒ X′⊥ ⊂ X⊥.

� The set Pol(A) ⊂ P(A) of polar sets, i.e., of the
form Y ⊥, is closed under arbitrary intersections. In
particular, A is polar and X⊥⊥ is the smallest polar

set containing X.

� As a consequence, X⊥⊥⊥ = X⊥.
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Takeaways

� Philosophical perspective

The success of DNNs forces us to rethink the relationship between (natural)

language and mathematics

� Historical perspective

After 150 years, the radical distinction between artificial and natural languages

might become ineffective

� Epistemological perspective

Current empiricist approaches are ill-suited for this task

� Conceptual perspective

We need to develop distributional foundations for formal objects

� Theoretical perspective

“Geometric Structuralist Typing” may provide a solid framework to advance

in this direction
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