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Tony Wu at the IPAM

Main results — human prover

e For each problem, given a ground truth human solution, we sample up to 100
proofs from Codex.
e Codex solves 200 out of 488 problems with 100 samples:
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Autoformalization with Large Language Models ' -

Tony Wu

Google

Tony Wu, Autoformalization with Large Language Models (IPAM (UCLA), Feb 15, 2023)


http://www.ipam.ucla.edu/abstract/?tid=18227&pcode=MAP2023

Melanie Mitchell on PalLM?2
Melanie Mitchell
‘ @MelMitchell1
-statement from Google's Palm 2 announcement.

(fromblog.google/technology/ai/...)

¢ Reasoning: PaLM 2's wide-ranging dataset includes_
(T R e— T p—
sense reasoning, GRGMAHEMatcs)

6:23 PM - May 12, 2023 - 52.9K Views

https://blog.google/technology/ai/google- palm- 2- ai- large- language- model/


https://blog.google/technology/ai/google-palm-2-ai-large-language-model/
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What’s So Funny?

o Proof assistants and automated theorem provers were supposed to prevent the
frailty of human proving practices instead of reproducing them and relying on them
as a gold standard.
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What’s So Funny?

o Proof assistants and automated theorem provers were supposed to prevent the
frailty of human proving practices instead of reproducing them and relying on them
as a gold standard.

o Mathematical literacy was supposed to be a condition to write and read scientific
papers and mathematical expressions instead of their miraculous effect.

o Natural language was considered the cause of rather than the solution to the
multiple problems preventing mathematics from achieving higher degrees of
precision.

o More generally, the formal nature of mathematics was believed to make it
impassive to the strong empirical position assumed by connectionist approaches
guiding the application of DNNSs.
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Arithmetic (few-shot)

Two Digit Addition
Two Digit Subtraction
Three Digit Addition
Three Digit Subtraction

Four Digit Addition
Four Digit Subtraction
Five Digit Addition
Five Digit Subtraction
Two Digit Multiplication
Single Digit Three Ops

0.4B

08B 1.3B 26B 6.7B  13B
Parameters in LM (Billions)

Arithmetic in GPT-3

(Brown et al., 2020)



Reasoning in ChatGPT 03

If p_n is a sequence of probability distributions on a countably infinite
set X that converge pointwise to a probabability distribution p on X, do
they necessarily converge uniformly?

Reasoned about uniform convergence of probability distributions for 4m 41s >
We will show that if
pa(x) = p(z) for every z € X,

where X is a countably infinite set and each P» and P is a probability distribution on X (so that

> palz) =Y plz) =1),
zeX

zeX

then in fact the convergence is uniform; that is,
sup |p,(z) —p(z) | — 0.
zeX

In other words, point-wise convergence of the probability mass functions on a countable set (with the limit
being a probability distribution) forces uniform convergence.

In what follows we give a proof.



Reasoning in ChatGPT 03

Proof

Let € > 0 be arbitrary. Our goal is to show that for all sufficiently large n we have
sup |p, (z) — p(x)| <e.
zeX

Because P is a probability measure on the countable set X, we can “capture almost all of its mass"” in a finite
set. (This is sometimes called a truncation argument.) More precisely, there exists a finite subset
FcX

such that
P(X\F) =" p(x) < /3.
oF
Now, since F'is finite and we know that for every fixed = we have P, (%) = P(2), it follows that for each = € F
there is an index Nz such that for all » > N,
[Pa(@) — p(2)] < &/(3|F1).
If we let
N, =max{N, : z € F},
then for all ™ = N, and every = € Fwe have

€

[P (@) — p(2)] < 3

Thus, summing over z € F'we obtain



Reasoning in ChatGPT 03

Conclusion

Yes. If a sequence {pn} of probability distributions on a countably infinite set X converges point-wise to a
probability distribution P, then in fact

sup |p, () — p(x)| = 0,

zeX

so the convergence is uniform.

A Note on the Issue

It is very important that the limit ? is itself a probability distribution. (For example, the sequence of “Dirac
measures” 9, on \(\Bbb N\) defined by

5,(c) = {1 ifx=n,

0 otherwise,

converges point-wise to the zero function; but the zero function is not a probability distribution, and indeed the
convergence is not uniform.) The fact that no mass “escapes” ensures that the tiny probabilities in the tail
force the errors there to be small uniformly.

Final Answer

Yes. If P is a sequence of probability distributions on a countably infinite set X that converges point-wise to a
probability distribution P (so that no mass is lost), then in fact the convergence is uniform.



Reasoning in ChatGPT o3

Reasoned about uniform convergence of probability distributions for 4m 41s v

I'm curious if pointwise convergence of probability distributions on a countably infinite set implies uniform
convergence. This involves examining the supremum of the absolute difference between distributions as it
approaches zero.

OK, let me see: pointwise convergence on a countably infinite set doesn't guarantee uniform convergence

without additional constraints, like finite sets or specific continuity conditions.

I'm curious about sequences of probability measures where each point's probability trends to zero. This
hints at pointwise convergence but raises questions about uniform convergence due to potential “spikes.”

OK, let’s think it through: the maximum difference of 1/n between distributions p_n and p as n increases.
This difference converges to zero, suggesting uniform convergence in a bounded setup.

I'm examining a counterexample of pointwise convergence without uniform convergence, where individual
probabilities decline to zero but the overall distribution doesn’t converge uniformly due to continuous
fluctuation.

I'm considering pointwise convergence with a shifting spike in a probability distribution on natural numbers,
highlighting the gap between pointwise and uniform convergence due to inconsistent distribution updates.



Main Orientations in DNN Applications to Maths

o Proof-Oriented

— Bansal et al., 2019; Polu and -
Sutskever, 2020; W et al., 2022. P S
o Object-Oriented ‘ e A
'CNN/RNN Sequence model 'CNN/RNN Sequence model P
- B‘eChSChmldt and ErnSt‘ 2021 ; Axlomﬁrsl‘omer\oglc Conjecture first order logic vz I/E)W 3/\
Charton, 2021; d'Ascol et al., 2022; e 2010 oy
Lample and Charton, 2019; Li et al., (Larnple and Charton, 2019)
2021
o Skill-Oriented (e.g., Reasoning) @ w v
— Brown et al.l, 2020; Lewkowycz : : : 0 - '0 0. : : : “" t :»““ {'\ﬂ/"w
etal,, 2022; Shen et al., 2021 et S
o HeuristiC-Oriented TRt ottt ot ot bttty e e o

DU L b Pt bt tirtrttettet (Davies et al., 2021)

— Davies et al., 2021; Wagner, 2021

(Peng et al., 2021)
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Philosophical Significance: The Return of Language

o Research orientations tend to be spontaneously organized according to the Al
researchers’ implicit assumptions as to what characterizes mathematical practice
(i.e. what it is that we do when we do mathematics).

o However, practically all applications share a common philosophical assumption:
Written natural language plays a critical role in the processing mathematical
knowledge.

o The potential success of DNN methods in mathematics is inseparable from a
reorientation of the epistemology of mathematics from logic and formal systems
to natural language and vernacular writing practices.
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Stochastic parrots vs. AGI

W
LLMs are not like us,
therefore they do not and can not have any relation to natural language.

W
LLMs have a relation to natural language,
therefore they are like us.



Empirical Saturnalia

The empirics of deep learning

(Circa 2020) the scaling era is here; deep networks are now just emergent things
we have created, that have to be studied scientifically like any other physical
phenomenon

It seemed like the best way for i to infl the field is to
develop the biology/physics (and let's be honest, more often pop psychology) of
existing large models

._And this.was.actually a very profltable areaor.a very sort of lucrative

Zico Kolter, Building Safe and Robust Al Systems, Keynote at ICLR 2025.
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Can Large Language Models Invent Algorithms to Improve Themselves?:
Algorithm Discovery for Recursive Self-Improvement through
Do LLMs HAVE Co Reinforcement Learning
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Can Large Language Models Invent Algorlthms to Improve Themselves ‘
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Siyan Zhao?*, Mingyi Hong'%, Yang Liu', Devamanyu Hazarika', Kaixiang Lin'
' Amazon AGI, 2UCLA, *University of Minnesota

siyanz@cs.ucla.edu, mhong@umn.edu, devamanyu@u.nus.edu
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Zico Kolter, Building Safe and Robust Al Systems, Keynote at ICLR 2025.
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New Research Orientation

o Why and how, irrespective of the model, a phenomenon under study can be
captured through the distributional analysis of data at all?

o What are, irrespective of the model, the general principles for capturing
distributional phenomena?
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Distributionalism and Word Embeddings

o Distributional Hypothesis
(Harris, 1960; Saussure, 1959)

— “You shall know a word by the company it keeps!”
(Firth, 1935)

— “Words which are similar in meaning occur in similar
contexts” (Rubenstein & Goodenough, 1965)

— The content of a linguistic unit is determined by its
distribution over a corpus (i.e., the other units
appearing in its context)
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o Distributional Hypothesis
(Harris, 1960; Saussure, 1959)

— “You shall know a word by the company it keeps!”
(Firth, 1935)

— “Words which are similar in meaning occur in similar
contexts” (Rubenstein & Goodenough, 1965)

— The content of a linguistic unit is determined by its
distribution over a corpus (i.e., the other units
appearing in its context)

o Computational version:
Word Embeddings
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Distributionalism and Word Embeddings

o Distributional Hypothesis
(Harris, 1960; Saussure, 1959)

— “You shall know a word by the company it keeps!”
(Firth, 1935)

— “Words which are similar in meaning occur in similar
contexts” (Rubenstein & Goodenough, 1965)

— The content of a linguistic unit is determined by its
distribution over a corpus (i.e., the other units
appearing in its context)

o Computational version:
Word Embeddings

o Interpretability efforts on vector representations of
mathematical expressions
— (e.g. d'Ascali et al., 2022; Gao et al., 2017;
Krstovski & Blei, 2018; Purgat et al., 2021; Ryskina
& Knight, 2021)
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(d'Ascaoli et al., 2022)



Peano Axioms

. 0is a number.
0eN

. Ifn is @ number, the successor of n is a number.

neN = succ(n) € N

. 0 is not the successor of a number.

Vn € N, 0 # succ(n)

. Two numbers of which the successors are equal are themselves equal.
Vn,m € N,succ(z) =succ(y) = z =y

. If aset S of numbers contains 0 and also the successor of every number in S,
then every number is in S (induction axiom).

0eSAWVn,neS = succ(s) €S) = VneS,neN



The Distributional Properties of Characters

p(ci7cj)

A; j = pmi(ci; ¢;) = log P I

Juan Luis Gastaldi | Language and Mathematics in the Time of Al 14/48
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The Characteristic Content of Digits

o

©

3
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Fﬁﬁﬁfﬁﬁfﬁ\ﬁfﬁﬁﬁ

3456712u1eao z x s d g n 1L r h ¢ t g v f m p w b j
Characters

0 := {:7 T /}

D :={0,9,8,3,4,5,6,7,1,2}

Vi:={ui, e, a,o0}

C:= {y,k,z,X,S,d,g,n,l,r,h,c,t,q,v,f,m,p,w,b,j}



The Syntactic Content of Digits
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The Syntactic Content of Digits

Juan Luis Gastaldi | Language and Mathematics in the Time of Al 16/48
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jrstvwxyz

The Syntactic Content of Digits

234 ae bcdfghjkim
789 iou npqrstvwxyz

Juan Luis Gastaldi | Language and Mathematics in the Time of Al 16/48



The Characteristic Content of Digit Pairs

-10

Juan Luis Gastaldi | Language and Mathematics in the Time of Al 17/48



Benford’s Law

TABLE I FREQUENCY
PERCENTAGE OF TiMES THE NaTURAL NUMBERS 1 T0 9 ARE Uskp s FIrsT oF
Diaits 1N NUMBERS, As DETERMINED BY 20,229 OBSERVATIONS FIRST PLACE D/G/TS
First Digit © OBSERVED
g Title Count
5 1 2 3 4 5 6 7 8 9 —_— l og ﬁi
A [Rivers, Area| 31.0| 16.4| 10.7 | 11.3| 7.2| 86| 55| 42| 51| 335 a
B |Population | 33.9| 204 | 142 | 81| 7.2| 62| 41| 37| 22|3259
C |Constants | 41.3| 144 | 48| 86| 10.6| 58| 1.0| 29| 10.6| 104
D | Newspapers| 30.0 | 18.0| 12.0| 10.0| 80| 6.0| 6.0| 50| 50| 100 a. 30
E |Spec. Heat | 24.0| 184 | 16.2| 14.6| 10.6| 4.1| 3.2| 48| 4.1|1389
F | Pressure 206 | 183 | 128| 98| 83| 64| 57| 44| 47| 703
G |H.P. Lost 300|184 | 11.9| 10.8| 81| 7.0| 51| 51| 3.6| 690 >~
H |Mol. Wgt. | 26.7| 25.2| 154 | 10.8| 6.7| 51| 41| 28| 3.2|1800 Q
I | Drainage 27.1|239| 138|126 | 82| 50| 50| 25| 19| 159 2
J |AtomicWet.| 47.2 | 187| 55| 44| 66| 44| 33| 44| 55| o1 020
K|nVn,---| 257|203 97| 68| 66| 68| 72| 80| 895000 ll]
L | Design 268|148 | 143 | 75| 83| 84| 70| 73| 56| 560 b
M | Digest 334185124 75| 71| 65| 55| 49| 42| 308 g.
N |Cost Data | 324|188 10.1| 10.1| 9.8| 55| 47| 55| 31| 741 o
O (X-RayVolts| 27.9 | 17.5| 144| 90| 81| 74| 51| 58| 4.8| 707 hj 0 -
P (Am.League | 32.7| 176 | 126 | 98| 74| 64| 49| 56| 3.0|1458 % -/0 O
Q |BlackBody | 31.0| 17.3 | 14.1| 87| 66| 7.0| 52| 47| 541165 l\ O
R | Addresses 289|192 126| 88| 85| 64| 56| 50| 50| 342 ¥V
S |nt,n2--.n! | 253|16.0| 120} 10.0| 85| 88| 68| 7.1| 55| 900 Y O
T |DeathRate | 27.0 | 186 | 15.7| 94| 6.7| 65| 7.2| 48| 41| 418
Average....... 306 | 185|124 | 94| 80| 64| 51| 49| 4.7]|1011
Probable Error |=+0.8 |40.4 |30.4 |+0.3 |+0.2 |+0.2 |+0.2 |+0.2 (+0.3 | — / 2 3 4 5 6 7 8 \9

a



Informational Content and Order

D :={0,1,2,3,4,5,6,7,8,9,0}

N := D*
§ | p(6) | nio(9) €D
1 | 0.301 1 v,V v,V € N
210176 2 ny: N —N
310125 S v+ valeur numeérique de v en base b
4 | 0.097 4 : D —[0,1]
50079 | 5 P ’ .
6 | 0.067 6 0 — log <1 + )
700058 | 7 ()
8 | 0.051 8
9 | 0.046 9




p(d)

(%)

S
o

W 00 J o U W DN RIS

0.301
0.176
0.125
0.097
0.079
0.067
0.0568
0.0561
0.046

O 00 ~NO O~ nN =

Informational Content and Order

D :={0,1,2,3,4,5,6,7,8,9,0}

N = D*
6eD
v,V v,V € N
ny: N —- N
v — valeur numerique de v en base b
p: D —0,1]
1
0 — log <1 + )
np(5)

?

p(vv') =C(p(v),p(v))

ny(v1vy) < mp(vavh) <= C(p(v1),p(v1)) < C(p(r2), p(vh))
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Constructing C

ny(6) = B~1(8) bp(é%—l
B(vv') = log,(1 + nb(llw’))
= log, (1 + ) b‘,,ﬁ )
= log, (1 + 510, b‘yﬁ n B_l(y,))
=log(1+ —— b\j\ + ﬁ) i vi= s i) [ 1)



m(8) = B71(0) = oy
p(vv') = B(vv') = logy(1 + nb(,lwl))
= log, (1 + ny(v) - b\v%l + np (V')
= log,(1+ B1(v)- b\v%l + 5—1(1/))
1
= log, (1 + I Wﬁ)

= C(p(v), p(V"))

Constructing C



p(d)

0.31

0.2

0.05-

Benford in Data (6)

—e— Benford
—e— Unigram




p(d)

0.5
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0.2

Benford in Data (6)

—e— Benford
Leading




p(d)
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p(83")

0.25+

0.2+

0.15-

0.05+

Benford in Data (6¢')

® leading 33"
Benford
Polynomial Regression (n=8)

8%'



p(83")

0.084

0.074

0.06-

0.05-

0.04+

0.03

0.02+

0.014

Benford in Data (6¢')

® leading 50" filtered
Benford
Polynomial Regression (n=8)

8%'
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Epistemology of Machine Learning
Distributional Language Models

L

Tokenization
(Sennrich et al., 2016)

Epistemology of Machine Learning
Distributional Language Models

(https://tiktokenizer.vercel.app)

Embeddings in LLMs


https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz
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L

Tokenization
(Sennrich et al., 2016)

Embedding
(Mikolov et al., 2013)
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Embeddings in LLMs

Epistemology of Machine Learning
Distributional Language Models

L

Tokenization Embedding

(Sennrich et al., 2016) (Mikolov et al., 2013) (Vaswani et al., 2017)

Ep

ist

em

ology

learning of
! Machine
(https://tiktokenizer.vercel.app) . o Learning
Distribution

al

Language

Models

Epistemology of Machine Learning
Distributional Language Models

(https://projector.tensorflow.org)

Distribution
al
Language
Models

(https://github.com/jessevig/bertviz)


https://tiktokenizer.vercel.app
https://projector.tensorflow.org
https://github.com/jessevig/bertviz

Embeddings in LLMs

Embedding
(Mikolov et al., 2013)

Epistemology of Machine Learning

= . . learning
Distributional Language Models :

(https://tiktokenizer.vercel.app)

(https://projector.tensorflow.org)
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Formal Explainability
Structure

Epistemology of Machine Learning
f? Distributional Language Models
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Embedding

Data
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M9 apartment -
manhattan
“tower
e i publishing garden
Sanding
museum
commons ouiside " assembled
deputies theatre
congress famy !
headquarters members ¥ )
opened y
representatives i
seat temple
e “residence 0 raite
senate member
o vilage statue
nobilty church
parliament house
royal lady
town
england
queen
duke edward

(https://projector.tensorflow.org)

mouse

opera

Embeddings: Similarity and Analogy

word2vee PCA projection: Gender
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dackest loudest
dleargst
 strongest, y“‘ i
D
softist
bodd
\\ Yeoei b,
old
digker
strongee
horse oar caballo (horse)
o3t vaca (cow)
cow o perro (dog)
pig dog i
o cerdo (pig)
2

<041 O gato (cat)

(Mikolov, Sutskever, Chen, Corrado, Dean, et al., 2013)

Embeddings: Other Applications

-2
"
-6

Original Data Whitening Erasure

.
i .
. :

/

Unwhitening

__ Concept
Subspace

_ Orthogonal
Subspace

__output
Subspace
Class 1
Class 2

-5 0 5 -5 o

(Belrose et al., 2024)

/ food

(https://nip.stanford.edu/~johnhew/structural- probe.html)
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Formal Explainability
Structure
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word2vec Explained
(Levy & Goldberg, 2014)

=% > #w,c)(logo(W-¢)+k-E.ywp,[logo(—w - cy)])

'UJEVw CEVC
0 _ Sz #(w,c)-|D[) _
o003 0 when w-¢ =log (#(w),#(c)) log k

o Word2vec performs an implicit, low-dimensional factorization of a
pointwise mutual information (pmi), word-context matrix.



word2vec Explained
(Levy & Goldberg, 2014)

(= Z Z #(w’ C)(log O-(U_j ' 5) +k- ]ECNNPD [IOgO'(—’Lﬁ . 5N)])

”UJEVwCGVc
o _ 5.8 = log (#weIDl) _
5g g =0 when @-¢ = log (£1210) —logk

o Word2vec performs an implicit, low-dimensional factorization of a
pointwise mutual information (pmi), word-context matrix.

» The Singular Value Decomposition (SVD) provides an exact solution to this
problem.



Embedding structure
Structure
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Embedding structure
Structure
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We need something more formal

4 Why does this produce good word represen-
tations?

The distributional hypothesis states that words in similar contexts have sim-
ilar meanings. The objective above clearly tries to increase the quantity vy, - v,
for good word-context pairs, and decrease it for bad ones. Intuitively, this
means that words that share many contexts will be similar to each other (note
also that contexts sharing many words will also be similar to each other). This
is, however, very hand-wavy.

(Goldberg and Levy, 2014)



From matrices to distributional operators

X:{—,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c,...,w,x,y,z,é}
Y:XXX:{(_I_)j (_r/)7 (_10)7---; (é,Z), (élé)}

M:XxY >R
(z,y) — pmi(z,y)

v
z ] EEEEE . II
< ANEEEEEEEEESE - EEEETEEEEES =E

Juan Luis Gastaldi | Lang




From matrices to distributional operators

X:{—,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c,...,w,x,y,z,é}
Y:XXX:{(_I_)j (_r/)7 (_10)7---; (é,Z), (élé)}

M:XxY >R
(z,y) — pmi(z,y)

M,: X - RY

x = M(z,—) E -
g i

H [ 1]

2 { ] | [ 1] l== .I=. =..=II .==

a o m am emcEmeE

e e

x = [ 1} [ [ ==

v L[
z ] HEEEE- N II [ [ ]
< ANEEEEEEEEESE - EEEETEEEEES =E
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From matrices to distributional operators

X:{—,/,0,1,2,3,4,5,6,7,8,9,=,a,b,c,...,w,x,y,z,é}
Y:XXX:{(_I_)j (_r/)7 (_10)7---7 (é,Z), (élé)}

M: XxY =R
(z,y) — pmi(z,y)
M,: X - RY
x = M(x,—)
My: Y — RX  EEmmmmm :
y '_> M(—7y) cga:ll EEE B :
z ----.-.-.-.=- =I==.l=ll== =i.
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From matrices to distributional operators

X:{_’/70’172’374’576’7?8’97=7a7b7c7""w7X’Y7Z’é}
Y:XXX:{(_I_)’(_I/>7(_IO))"'7(élz)7(élé)}
x M Ry
X xY =2 R
(z,y) = pmi(z,y)

. Y
M,: X - R RX .
x = M(z,—) My
M, Y — R

y— M(—y)



From matrices to distributional operators

X:{_’/70’172’374’576’7?8’97=7a?b7c?""w7X’Y7Z’é}

Y:XXX:{(_I_); (_I/)7 (_,O),..., (élz)7 (éré)}
x — M Ry
X xY =R
(z,y) + pmi(z,y) {
. Y
M,: X =R RX -
x> M(z,—) My
M, Y — R

Yy M(—,y)



From matrices to distributional operators

X:{_’/70’172’374’576’7?8’9?=7a?b7c?""w7X’Y7Z’é}

Y:XXX:{(_,_), (_//>7(_IO)""

X xY SR
(z,y) — pmi(z,y)

M,: X - RY
x = M(z,—)

M, Y — R
y— M(—y)

(&,2), (&,8)}



From matrices to distributional operators

M. M*: RY - RY



From matrices to distributional operators

M. M*: RY - RY
M*M,: RY - RY M,



From matrices to distributional operators

M. M*: RY - RY

* .Y Y
M*M,: R* =R Y M py
//W/
X Mr
{ul, ey um} CR { A
2,0 M
Y R *
{vi,...,on} CR

X
{)‘17 7Amin( , )707 70} R M, Y



M. M*: RY - RY
M*M,: RY - RY

{ug, ... upy}y CRY
{v1,...,v,} CRY
{A, - Awin (myn) - 05 -, 0}

From matrices to distributional operators



M. M*: RY - RY
M*M,: RY - RY

{ug, ... upy}y CRY
{v1,...,v,} CRY
{A, - Awin (myn) - 05 -, 0}

M. M *u,,; = )\i'u,,;
M*M*Ui = )\Z"UZ'

The u; and v; are (linear)
fixed points!

From matrices to distributional operators



The operator M, M* is a covariance matrix
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Eigenvectors as Fixed Points

M. M*u = Au

B T I T T T R
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Structural Features

Eigenvectors of M, M*:
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Embeddings as Functors Over Categories

X:{—,/,0,1,2,3,4,5,6,7,8,9,:,a,b,c,...,w,x,y,z,é}
Y:XXX:{(_I_)7 (_I/)7 (_Io)j"'j (élz)7 (élé)}

X L RY

P

M:XxY >R Me

(2,y) = pmi(z, y) M
¢
RY ¢« v
M,: X - RY M,
x— M(x,—)
M*: RY - RY
My:Y - R* M,: RY = RX

Y= M(—,y)



Embeddings as Functors Over Categories
:{_’/705172’374’576’778’97=7a7b7c7"'7w7X’Y7Z’é}
:C:{_7/?07172737475’677’879’:7a’b7c""7w7X7Y7Z7é}

————— (Set")°P

Profunctor - L
. ~op Q M* T 3
M: x D — Set s st g
<N e M. S
(c; ) = M(e, ) Lo -

Set ° —

Mc: — (Set )op Ma
= M( ’_)
M St CP M*: Set™™ — (Set")oP
d: D — et

. op °P
o M(=, ) M.,.: (Set”)°P — Set



Embeddings as Functors Over Categories

Isbell Adjunction
M*: Set™” = (Set”)P: M,

—— (Set”)°P
: Set™”” — Set“™ - )
: < . S
: (Set”)P — (Set™)P : Mo 3
' = T M S



Embeddings as Functors Over Categories

Isbell Adjunction
M*: Set™” = (Set”)P: M,

Mo (SetP)er
: Set“”™ — Set“™ < S
o o g M ’/:’/ 3
: (Set”)°P — (Set”)°P 3 /,//:/M* 5
L
Fix( ):={/ € Set"”"| (NH=/} Y A —
My

Fix( ) = {y € (Set”)°P| (9) = g}

Nucleus of M = {(//,¢:)}, such that:
M*f =g, and Mg, =



Embeddings as Functors Over Categories

Isbell Adjunction
M*: Set™” = (Set”)P: M,

———— (Set”)°P
: Set“”™ — Set“™ < S
op op S M 3
: (Set”)°P — (Set”) 3 /::;/M* 5
,k,,
Fix( ):={/ € Set"”"| (NH=/} Y A —
Mgy

Fix( ) = {y € (Set”)°P| (9) = g}

Nucleus of M = {(//,¢:)}, such that:
M*f =g, and Mg, =

The nucleus is a category
complete and cocomplete



Embeddings as Functors Over Categories

Isbell Adjunction
M*: Set™” = (Set”)P: M,

C #} SetD)Op
MM Set™” — Set™” < s
* ) Dyop Dyop g M 3
MM : (Set”)P — (Set”) 2 /::::/,M* 5
-
Fix(M. M) :={f € Set™ M. M" (/) = [} St D
d

/
Fix(M"M.):={y € (SetD)0p|,‘\/I*,\/l\,(,(/) =
Categories C and D
Nucleus of M = {(//, 9:)}, such that: can be enriched!

M*f/ = i and M*,(/i = }L/
E.g.
The nucleus is a category M*: 257 = (2P)op: M,
complete and cocomplete M RET s (RP)P: M,



Binary Fixed Points
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MM f=f

Binary Fixed Points
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MM f=f

“Eigensets”
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Partial Order Structure
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Dual Partial Order

A<l
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Paring of Partial Ordered Fixed Points
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Enriching over R
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Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011)

[Gliven a binary operation, noted - ’
a,b~ (alb): Ax B — C and asubset P C C (the ‘pole’)
one can define the polar X+ ¢ B of a subset X C A

(resp. Y+ C AofasubsetY C B)by: (& : - e ’. ‘
s
L

(8
“

X+ :={ye B:Vz e X, (ab) € P}
L ={zeA:vyeY,(ab) € P}

o The map ‘polar’ is decreasing: v " o L
XCX' =X cxt ® ® [ 5 [
o The set Pol(A) C P(A) of polar sets, i.e., of the @) s
form Y- is closed under arbitrary intersections. In
particular, A is polar and XL is the smallest polar
set containing X.

o As aconsequence, X114+ = x L



Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011) & D
[Gliven a binary operation, noted iy { gt

a,b~ (alb): Ax B — Candasubset P C C (the ‘pole)) f - - e ‘ @
one can define the polar X+ C B of asubset X C A vd NN - [ ]
(resp. Y+ C AofasubsetY C B)by: i ), <)
® ® e .

X+ :={ye B:Vz e X, (ab) € P}
Yt = {z € A:Vy €Y, (alb) € P}

S
o The map ‘polar’ is decreasing: S/V V
XcX =X+tcxt / \ ‘
o The set Pol(A) C P(A) of polar sets, i.e., of the C CQ\(S)NV) e
form Y1, is closed under arbitrary intersections. In ‘
particular, A is polar and XL is the smallest polar ’
set containing X . t h

WAL _ sed
o As a consequence, X =X (Gastaldi and Pellissier, 2021)
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Takeaways

o Philosophical perspective
The success of DNNs forces us to rethink the relationship between (natural)
language and mathematics

o Historical perspective
After 150 years, the radical distinction between artificial and natural languages
might become ineffective

o Epistemological perspective
Current empiricist approaches are ill-suited for this task

o Conceptual perspective
We need to develop distributional foundations for formal objects

o Theoretical perspective
“Geometric Structuralist Typing” may provide a solid framework to advance
in this direction



Collaborations
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