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Where Art Thou, Critique?

˛ Good “externalist” critique

˛ Poor “internalist” critique

— The main “critical” reference remains the “Stochastic Parrots” approach (Bender &

Koller, 2020; Bender et al., 2021)

— Kirschenbaum (2023):

Bender et al.’s (2021) paper “offers a disarmingly linear account of how language,

communication, intention, and meaning work, one that would seem to sidestep

decades of scholarship around these same issues in literary theory [...] the passage

would be red meat for a graduate critical-theory seminar.”

— Underwood (2023):

“The beautiful irony of this situation [...] is that a generation of humanists trained on

Foucault have now rallied around “On the Dangers of Stochastic Parrots” to oppose a

theory of language that their own disciplines invented, just at the moment when

computer scientists are reluctantly beginning to accept it.”
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The Critical Argumentative Matrix

Knowledge depends on language

()

The relation between language and the world is essentially arbitrary

Any regularity in language/knowledge is not natural but cultural/social/political

()

We should resist existing regularities and create new ones

()
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Critique and Formalism

˛ At the source of this situation is the new foundational role played by
formal sciences in the 20th century

— For a theory of language: Carnap, Gödel, Turing, Shannon, Harris, Chomsky...

˛ The critical tradition has either withdrawn from the areas conquered by formal

approaches, or made formal approaches the target of criticism

˛ We need a new strategy: Elaborate a critical formalism

˛ In the case of AI, a critical formalism can provide:

— New epistemological tools countering dogmatic perspectives stemming from within

the field

— New theoretical tools contributing to the non-dogmatic positive production of

knowledge
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Empirical Evaluation

P :“ λm.λn.λf.λx.mfpnfxq
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Interpretability
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Interpretability

P :“ λm.λn.λf.λx.mfpnfxq

P 2 :“λRóƒÄÒêÑ5È|Àxñ=∞ù�ÿmWf286ëy’SÒú>v&ìÂ�¬2�óÉ7öç∞{ã>2flB°µG#À9ÇU
∞btYBô¥�Ù ë‰3;5�å[l–èuô¨Ü˚7–Ù.λ:^4mÓØ¥´è—+ÌsÖ‚$+gï„B™÷o–#ïŸê�Ûv
–gÓÿ⁄ëiijO‡Œfi•J1«€ø¸Ï hãêt‡æY$ˆ6�FïW»RÙKg¢¨.λ‡d¯…�D2÷˛ò˚xêÈy.�Ó”¢b
Bé£NÈ1Ê‡⁄Û9Ñµ–/JYÇõË9ÿÀÈ.λÁÍ ÀˆöÇ‚»ƒq∞±îˇB5Ì>O˜g™“6Ωe“æëC/ã… Ö
·fÓ�Å]ÑåyÊN°Ê�›¨.λÆà€fUòfEÙ˙Í m#„¸4\r√¬÷Îpò»y*vtÄJÃF1ûÁóz«ñM”DjŒ
BËèÍT�_ Êa‰ÁÇΩ�@\Øˆ˜]Î›h‡.:^4mÓØ¥´è—+ÌsÖ‚$+gï„B™÷o–#ïŸê�Ûv–gÓÿ
⁄ëiijO‡Œfi•J1«€ø¸Ï hãêt‡æY$ˆ6�FïW»RÙKg¢¨ÁÍ ÀˆöÇ‚»ƒq∞±îˇB5Ì>O˜g™“6
Ωe“æëC/ã… Ö·fÓ�Å]ÑåyÊN°Ê�›¨p‡d¯…�D2÷˛ò˚xêÈy.�Ó”¢bBé£NÈ1Ê‡⁄Û9Ñµ–/
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à€fUòfEÙ˙Í m#„¸4\r√¬÷Îpò»y*vtÄJÃF1ûÁóz«ñM”DjŒBËèÍT�_ Êa‰ÁÇΩ�@\
Øˆ˜]Î›h‡qpËÎÛeí4WµÍ }w„$Ω“K5èÃ¶%3[m ’ˇBÃfiƒÒ;�óJçCËîõŸØcB,ñ$Ãå}ÓÅØ3¡
ˇ?ö¯oŒ@�fl8˘R�CÆo˘*�&<Ÿ ¬o12À‰�àÓÜ#ï�˝,ú¨�«ô¸„∞Îâä“øÃd|^Ñ’Ê�yØ;ˆW�
›˝wò[}\»ÖÈúw’6<ù˘=ãÕ��¯Ì‘Dz?2±|é‘ 3Â⁄rxµ∞µ$ÀëÂ*lf˜îû’+ÍVìyªGæßägô/,uÑ)
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Machine-Learning the Embedding Space

Credit: xkcd.com

a cat catches a mouse

Credit: Ferrone et al., 2017

Juan Luis Gastaldi | The Structure, Not the Prompt 9/35

https://xkcd.com/1838


Embedding Space: Similarity and Analogy

Embedding Projector

DATA

 

Checkpoint: Demo datasets

Metadata: oss_data/word2vec_10000_200d_
labels.tsv

UMAP T-SNE PCA CUSTOM

PCA is approximate. 

Total variance described: 8.5%.

Show All
Data

Isolate 101
points

Clear
selection

 

COSINE EUCLIDEAN

neighbors

distance

Nearest points in the original space:

palace 0.512

houses 0.513

representatives 0.562

commons 0.564

hall 0.592

parliament 0.595

senate 0.608

royal 0.626

castle 0.626

hotel 0.646

town 0.650

seat 0.658

lords 0.664

tower 0.670

residence 0.673

corner 0.674

chamber 0.676

cathedral 0.676

building 0.684

street 0.688

 5 tensors found

Word2Vec 10K

 Label by

word
 Color by

No color map

 Edit by

word Tag selection as

Load Publish Download Label

Sphereize data 

 X

Component #1

 Z

Component #3

 Y

Component #2

Points: 10000 Dimension: 200 Selected 101 points

house
Search

house .*

 by

word

100

BOOKMARKS (1) 

house(https://projector.tensorflow.org)
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Alice

Bob
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woman
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she

he

actress
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heroine
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princess

prince

queen

king

wells

tours

tearing

resources
working

free
earned

weekly

humanitarian

progressing
billions

beneficial

significance
amongst

bars

settlers

demonstrating

therapeutic

● Selected pairs of words related by gender

● Random pairs of words
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word2vec PCA projection: Gender
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Embedding Space: Other Applications
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● Selected triads of comparatives

● Random triads of words
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-10
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word2vec PCA projection: Comparatives

(Mikolov et al., 2013)

(Belrose et al., 2024)

(https://nlp.stanford.edu/~johnhew/structural-probe.html)
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word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

˛ Word2vec performs an implicit, low-dimensional factorization of a pointwise

mutual information (pmi), word-context matrix.

˛ The Singular Value Decomposition (SVD) provides an exact solution to this

problem.
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Example: Characters in Wikipedia

W “ t-, /, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, =, a, b, c, . . . , w, x, y, z, éu

C “ X ˆ X “ t(-,-), (-,/), (-,0), . . . , (é,z), (é,é)u

Mwc “ pmipw, cq

“ log ppw, cq
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SVD of Wikipedia Character PMI Matrix
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Truncate
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Plot
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What to conclude?
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But Why?

Effect of subsampling and rare-word pruning word2vec has two additional
parameters for discarding some of the input words: words appearing less
than min-count times are not considered as either words or contexts,
an in addition frequent words (as defined by the sample parameter) are
down-sampled. Importantly, these words are removed from the text before
generating the contexts. This has the effect of increasing the effective win-

dow size for certain words. According to Mikolov et al. [2], sub-sampling
of frequent words improves the quality of the resulting embedding on some
benchmarks. The original motivation for sub-sampling was that frequent
words are less informative. Here we see another explanation for its effec-
tiveness: the effective window size grows, including context-words which
are both content-full and linearly far away from the focus word, thus mak-
ing the similarities more topical.

4 Why does this produce good word represen-

tations?

Good question. We don’t really know.
The distributional hypothesis states that words in similar contexts have sim-

ilar meanings. The objective above clearly tries to increase the quantity vw · vc
for good word-context pairs, and decrease it for bad ones. Intuitively, this
means that words that share many contexts will be similar to each other (note
also that contexts sharing many words will also be similar to each other). This
is, however, very hand-wavy.

Can we make this intuition more precise? We’d really like to see something
more formal.
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Embeddings as Functions Over Sets
X “ t-, /, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, =, a, b, c, . . . , w, x, y, z, éu

Y “ X ˆ X “ t(-,-), (-,/), (-,0), . . . , (é,z), (é,é)u

M : X ˆ Y Ñ R
px, yq ÞÑ pmipx, yq

Mx : X Ñ RY

x ÞÑ Mpx, ´q

My : Y Ñ RX

y ÞÑ Mp´, yq
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M˚ : RY Ñ RX
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Embeddings as Functions Over Sets

M˚M˚ : RX Ñ RX

M˚M˚ : RY Ñ RY

tu1, . . . , umu Ă RX

tv1, . . . , vnu Ă RY

tλ1, . . . , λmin pm,nq, 0, . . . , 0u

M˚M˚ui “ λiui

M˚M˚vi “ λivi

The ui and vi are (linear)

fixed points!

X RY

RX Y

Mx

M˚M˚M˚

M˚M˚M˚

My

U :“ ru1, . . . , ums

M “ UΣV T V :“ rv1, . . . , vns

Σ :“
«

?
λ1 ¨¨¨ 0
...

. . .
...

0 ¨¨¨
?

λr

ff
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M˚M
˚ as a Covariance Matrix

…
…
…
…
…
…
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…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
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…
…
…
…
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_
-
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/
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-
_
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-
_
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-
_
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-
_
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-
_
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-
_
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-
_
=

-
_
a

-
_
b …

é
_
m

é
_
n

é
_
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é
_
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é
_
q

é
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r

é
_
s

é
_
t
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v
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w
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z
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é
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9
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3
2
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0
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M˚

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

- / 0 1 2 3 4 5 6 7 8 9 = a b c d e f g h i j k l m n o p q r s t u v w x y z é

é_é
é_z
é_y
é_x
é_w
é_v
é_u
é_t
é_s
é_r
é_q
é_p
é_o
é_n
é_m

⋮
-_b
-_a
-_=
-_9
-_8
-_7
-_6
-_5
-_4
-_3
-_2
-_1
-_0
-_/
-_-

M˚

- / 0 1 2 3 4 5 6 7 8 9 = a b c d e f g h i j k l m n o p q r s t u v w x y z é

é
z
y
x
w
v
u
t
s
r
q
p
o
n
m
l
k
j
i
h
g
f
e
d
c
b
a
=
9
8
7
6
5
4
3
2
1
0
/
-

M˚M
˚
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Eigenvectors as Fixed Points

M˚M
˚u “ λu
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Structural Features

Eigenvectors of M˚M˚:

- / 0 1 2 3 4 5 6 7 8 9 = a b c d e f g h i j k l m n o p q r s t u v w x y z é

3D

2D

1D

Eigenvalues of M˚M˚ and M˚M˚:
1D 2D 3D

3D

2D

1D

Eigenvectors of M˚M˚:

…

…

…

-_- -_/ -_0 -_1 -_2 -_3 -_4 -_5 -_6 -_7 -_8 -_9 -_= -_a -_b -_c -_d -_e -_f … é_i é_j é_k é_l é_m é_n é_o é_p é_q é_r é_s é_t é_u é_v é_w é_x é_y é_z é_é

3D

2D

1D
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Words

church university field house centre ... held used offered found made

use leave keep buy meet ... boy club sun uk hotel

show boy project move play ... production size interests activities nature

used expected made considered allowed ... london europe scotland france england

used expected food water england ... during couple under series lot

perhaps indeed under during in ... cup bit series couple lot

difficult hard easy necessary close ... won gave started saw took

europe scotland england france lot ... middle want needs army could

wish tried seem seemed began ... received established won published produced

10 15 20 30 3 ... from on black into through

-5 -4 -3 -2 -1 0 1 2 3 4 5

D 10

D 9

D 8

D 7

D 6

D 5

D 4

D 3

D 2

D 1

−0.6

−0.4

−0.2

0

0.2

0.4

0.6
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Outline

Introduction

NLMs as Formal Objects

The Structure(s) of the Embeddings

The Algebra Behind the Embeddings

The Structure Behind the Algebra

The Categories Behind the Structure

Conclusion



Embeddings as Functors Over Categories

X “ t-, /, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, =, a, b, c, . . . , w, x, y, z, éu

Y “ X ˆ X “ t(-,-), (-,/), (-,0), . . . , (é,z), (é,é)u

M : X ˆ Y Ñ R
px, yq ÞÑ pmipx, yq

Mx : X Ñ RY

x ÞÑ Mpx, ´q

My : Y Ñ RX

y ÞÑ Mp´, yq

X RY

RX Y

Mx

M˚

M˚

My

M˚ : RX Ñ RY

M˚ : RY Ñ RX
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Embeddings as Functors Over Categories
C “ t-, /, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, =, a, b, c, . . . , w, x, y, z, éu

D “ C “ t-, /, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, =, a, b, c, . . . , w, x, y, z, éu

Profunctor

M : Cop ˆ D Ñ Set
pc, dq ÞÑ Mpc, dq

Mc : C Ñ

´

SetD
¯op

c ÞÑ Mpc, ´q

Md : D Ñ SetCop

d ÞÑ Mp´, dq

C pSetDqop

SetCop D

Y
o
n

ed
a

Mc

M˚

M˚

Md

Y
o
n

ed
a

M˚ : SetCop
Ñ pSetDqop

M˚ : pSetDqop Ñ SetCop
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Embeddings as Functors Over Categories

Isbell Adjunction

M˚ : SetCop
Ô pSetDqop : M˚

M˚M˚ : SetCop
Ñ SetCop

M˚M˚ : pSetDqop Ñ pSetDqop

FixpM˚M˚q :“ tf P SetCop
|M˚M˚pfq – fu

FixpM˚M˚q :“ tg P pSetDqop|M˚M˚pgq – gu

Nucleus of M “ tpf i, giqu, such that:

M˚f i – gi and M˚gi – f i

The nucleus is a category

complete and cocomplete

C pSetDqop

SetCop D

Y
o
n

ed
a

Mc

M˚

M˚

Md

Y
o
n

ed
a

Categories C and D
can be enriched!

E.g.:

M˚ : 2Cop
Ô p2Dqop : M˚

M˚ : R̄Cop
Ô pR̄Dqop : M˚
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Binary Fixed Points

M˚M
˚u “ λu
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Binary Fixed Points

M˚M˚f “ f

0 1 2 3 4 5 6 7 8 9 a b c d e f g h i j k l m n o p q r s t u v w x y z
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‹
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“Eigensets”

M˚M˚f “ f

w

l t n c h

2 i e a o 1 9

e,n a,l c,t

h,m 2,9 a,i

a,e

1,9

1,8

h,m,w d,h,t j,o,q c,f,t c,t,w

a,e,o a,e,i

1,2,8 1,8,9

a,e,i,o a,e,o,u a,i,n,s 1,3,8,9b,h,m,r,v1,2,4,7,8,90,1,2,3,4,5,6,7,8,9
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Which Structure?

w

l

t nch

2i ea
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1 9

e,n

a,l

c,th,m

2,9a,i a,e

1,91,8

h,m,w

d,h,t j,o,q

c,f,tc,t,w

a,e,oa,e,i

1,2,8 1,8,9

a,e,i,o a,e,o,u

a,i,n,s 1,3,8,9

b,h,m,r,v

1,2,4,7,8,9
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1,2,8 1,8,9

a,e,i,o a,e,o,u
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b,h,m,r,v

1,2,4,7,8,9

0,1,2,3,4,5,6,7,8,9

w

l

t nch

2i ea
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2,9a,i a,e
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a,i,n,s 1,3,8,9
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0,1,2,3,4,5,6,7,8,9
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Which Structure?
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Formal Concepts (Words)

Corpus: en_bnc_w, Norm: cols_l1, Cutoff: 0.01, Threshold: abs, [1, 10]

{britain,france}

{france}

{england,france,london} {europe,france,scotland}

Corpus: en_bnc_w, Norm: cols_l1, Cutoff: 0.01, Threshold: abs, [1, 5]

{'ll,can,could}

{could}

{'ll,could,might,must, 
should,would}

{could,did,do} {ca,could,did,wo}

{can,could,may,might,

must,should,will,would}
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Nucleus

R̄ta,e,ru R̄ta,e,ru
M˚M˚
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Internal Structure of the Nucleus

0123456789

a

b

c

d

e

f

g
h

i

j
k

l

m

n

o

p

q

r

s

t

u

v

w

x
y

z

r

a,e

a,r

e

e,r

a

−200k −100k 0 100k 200k

−150k

−100k

−50k

0

50k

100k

150k

200k

250k 0: e, -216733.12
1: e, -215511.12
2: e, -216495.12
3: e, -216621.12
4: e, -216668.12
5: e, -216660.12
6: e, -216687.12
7: e, -216707.12
8: e, -216663.12
9: e, -216697.12
a: e, -84194.12
b: e, -191103.12
c: e, -149725.12
d: e, -84497.12
e: e, -154369.12
f: e, -181350.12
g: e, -192632.12
h: e, -186220.12
i: e, -163870.12
j: e, -213741.12
k: e, -210503.12
l: e, -140853.12
m: e, -161993.12
n: r, -69555.12
o: e, -171427.12
p: e, -178191.12
q: e, -210709.12
r: r, 2215.88
s: e, -55613.12
t: e, -106260.12
u: e, -208693.12
v: e, -188636.12
w: e, -165130.12
x: e, -198662.12
y: e, -177526.12
z: e, -216203.12
trace 37
trace 38
trace 39Aa

trace 40
Type:
-4967.25
124618.75
0.0

Juan Luis Gastaldi | The Structure, Not the Prompt 33/35



Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011)

[G]iven a binary operation, noted

a, b xa|by : A ˆ B Ñ C and a subset P Ă C (the ‘pole’)

one can define the polar XK Ă B of a subset X Ă A
(resp. Y K Ă A of a subset Y Ă B) by :

XK :“ ty P B : @x P X, xa|by P P u

Y K :“ tx P A : @y P Y, xa|by P P u

˛ The map ‘polar’ is decreasing:

X Ă X 1 ñ X 1K Ă XK.

˛ The set PolpAq Ă PpAq of polar sets, i.e., of the

form Y K, is closed under arbitrary intersections. In

particular, A is polar and XKK is the smallest polar

set containing X.

˛ As a consequence, XKKK “ XK.
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n,r,s 0,3,4,5
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a, b xa|by : A ˆ B Ñ C and a subset P Ă C (the ‘pole’)

one can define the polar XK Ă B of a subset X Ă A
(resp. Y K Ă A of a subset Y Ă B) by :

XK :“ ty P B : @x P X, xa|by P P u

Y K :“ tx P A : @y P Y, xa|by P P u

˛ The map ‘polar’ is decreasing:

X Ă X 1 ñ X 1K Ă XK.

˛ The set PolpAq Ă PpAq of polar sets, i.e., of the

form Y K, is closed under arbitrary intersections. In

particular, A is polar and XKK is the smallest polar

set containing X.

˛ As a consequence, XKKK “ XK.
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a,l
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2,9a,i a,e

1,91,8

h,m,w
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a,e,oa,e,i
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S Ð pMod b Vq

she

Mod b V
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V
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(Gastaldi and Pellissier, 2021)
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Conclusion: For a Critical Formalism

˛ It is urgent to address of the epistemological dimension of the critical project in its

own terms

˛ This requires to develop a critical approach within formal sciences where
formalization is not assumed to lead to naturalization

— The new role of data within formal sciences is crucial in this sense

˛ A critical formalism will be incomplete if it remains disconnected from the political,
and even the artistic dimension of the critical program

— We need a new alliance between the formal sciences, the human sciences, and the

arts.
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