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Introduction

˛ There is no other possible epistemology of AI than understanding

how and why ML models work.

˛ When it is not ideologically motivated, the black box narrative
relies on a categorical mistake.

— ML models are not natural objects but formal objects.

˛ What do LLMs understand?

— What do we understand about LLMs ?

— What can we understand about language through them?

˛ LLMs tell us something about the Computational Structure of Language
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Stochastic Parrots vs. AI Consciousness

📉🦜

Language models are not like us,

therefore they do not and can not have any relation to meaning.

🤖🧠

Language models have a relation to meaning,

therefore they are like us.
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Opening the Black-Box

Subword Tokenization

(Sennrich et al., 2016)

Word Embeddings

(Mikolov, Sutskever, Chen, Corrado, and Dean, 2013)

Self-Attention

(Vaswani et al., 2017)
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Word Embeddings: Vector
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Word Embeddings: Matrix
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Embedding Space: Similarity and Analogy

Embedding Projector

DATA

 

Checkpoint: Demo datasets
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labels.tsv
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Embedding Space: Other Applications
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word2vec Models

a cat catches a mouse

Credit: Ferrone et al., 2017
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word2vec as Implicit Matrix Factorization

(Levy and Goldberg, 2014)
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word2vec as Implicit Matrix Factorization

(Levy and Goldberg, 2014)
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word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

Three results:

˛ M “ PMIpw, cq ´ log k (Pointwise Mutual Information)

˛ W is low dimensional

˛ The Singular Value Decomposition (SVD) provides an exact solution to

find W

Juan Luis Gastaldi | Sous les distributions, la structure! 16/61



word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

Three results:

˛ M “ PMIpw, cq ´ log k (Pointwise Mutual Information)

˛ W is low dimensional

˛ The Singular Value Decomposition (SVD) provides an exact solution to

find W

Juan Luis Gastaldi | Sous les distributions, la structure! 16/61



word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

Three results:

˛ M “ PMIpw, cq ´ log k (Pointwise Mutual Information)

˛ W is low dimensional

˛ The Singular Value Decomposition (SVD) provides an exact solution to

find W

Juan Luis Gastaldi | Sous les distributions, la structure! 16/61



word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

Three results:

˛ M “ PMIpw, cq ´ log k (Pointwise Mutual Information)

˛ W is low dimensional

˛ The Singular Value Decomposition (SVD) provides an exact solution to

find W

Juan Luis Gastaldi | Sous les distributions, la structure! 16/61



word2vec Explained

(Levy and Goldberg, 2014)

` “
ř

wPVw

ř

cPVc

#pw, cqp log σp~w ¨ ~cq ` k ¨ EcN „PD
rlog σp´~w ¨ ~cN qsq

B`
Bp~w ¨ ~cq

“ 0 when ~w ¨ ~c “ log
´

#pw,cq¨|D|

#pwq¨#pcq

¯

´ log k

Three results:

˛ M “ PMIpw, cq ´ log k (Pointwise Mutual Information)

˛ W is low dimensional

˛ The Singular Value Decomposition (SVD) provides an exact solution to

find W

Juan Luis Gastaldi | Sous les distributions, la structure! 16/61



Pointwise Mutual Information (PMI)
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Singular Value Decomposition (SVD)

M “ UΣV ˚

Where:

M = m ˆ n (real or complex) matrix

U = m ˆ m unitary matrix

Σ = m ˆ n non-negative real rectangular diagonal matrix

V ˚ = conjugate transpose of V , a n ˆ n unitary matrix

In particular:

˛ The columns of U (left singular vectors) are eigenvectors of MM˚

˛ The rows of V ˚ (right singular values) are eigenvectors of M˚M

˛ The non-zero elements of Σ (non-zero singular values) are the square roots

of the non-zero eigenvalues of MM˚ or M˚M
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Truncated SVD

M “ UΣV ˚

Credit: Angela Ju
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Word Embeddings as Truncated SVD
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Example: Characters in Wikipedia
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SVD of Wikipedia Character PMI Matrix
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Truncate and Embed

U ˆ Σ
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Truncate and Embed

Û ˆ Σ̂
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Truncate and Embed
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But Why?

Effect of subsampling and rare-word pruning word2vec has two additional
parameters for discarding some of the input words: words appearing less
than min-count times are not considered as either words or contexts,
an in addition frequent words (as defined by the sample parameter) are
down-sampled. Importantly, these words are removed from the text before
generating the contexts. This has the effect of increasing the effective win-

dow size for certain words. According to Mikolov et al. [2], sub-sampling
of frequent words improves the quality of the resulting embedding on some
benchmarks. The original motivation for sub-sampling was that frequent
words are less informative. Here we see another explanation for its effec-
tiveness: the effective window size grows, including context-words which
are both content-full and linearly far away from the focus word, thus mak-
ing the similarities more topical.

4 Why does this produce good word represen-

tations?

Good question. We don’t really know.
The distributional hypothesis states that words in similar contexts have sim-

ilar meanings. The objective above clearly tries to increase the quantity vw · vc
for good word-context pairs, and decrease it for bad ones. Intuitively, this
means that words that share many contexts will be similar to each other (note
also that contexts sharing many words will also be similar to each other). This
is, however, very hand-wavy.

Can we make this intuition more precise? We’d really like to see something
more formal.
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But Why?
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Singular Value Decomposition (SVD)

M “ UΣV ˚

Where:

M = m ˆ n (real or complex) matrix

U = m ˆ m unitary matrix

Σ = m ˆ n non-negative real rectangular diagonal matrix

V ˚ = conjugate transpose of V , a n ˆ n unitary matrix

In particular:

˛ The columns of U (left singular vectors) are eigenvectors of MM˚

˛ The rows of V ˚ (right singular values) are eigenvectors of M˚M

˛ The non-zero elements of Σ (non-zero singular values) are the square roots

of the non-zero eigenvalues of MM˚ or M˚M
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M ˆ M ˚ as a Covariance Matrix
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M ˆ M ˚ as a Covariance Matrix
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M ˆ M ˚ as a Covariance Matrix
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Eigenvectors and Eigenvalues

Credit: Joel Laity
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Structural Features

Eigenvectors of M ˆ M˚:
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Eigenvectors as Fixed Points

pM ˆ M ˚qv “ λv
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Eigenvectors as Fixed Points

pM ˆ M ˚qv “ λv
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Binary Matrices
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Binary Matrices

pMt ‹ M ˚
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Binary Fixed Points

pMt ‹ M ˚
t q ‹ v “ v
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Binary Fixed Points

pM ˚
t ‹ Mtq ‹ v “ v
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“Eigensets”

pMt ‹ M ˚
t q ‹ v “ v
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“Eigensets”
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Which Structure?
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Which Structure?

a

i

u

n

e

r

o

d

h t

l

0

a,h

0,5

n,r

0,7

n,s

h,oa,e

l,y

0,3,5

h,i,o d,g,t

n,s,t

0,4,5

h,k,oa,e,i

n,r,s 0,3,4,5

c,n,s,td,n,r,s,x l,n,r,s,t

f,m,n,r,u

0,5,6,7,8,9

0,2,5,6,7,8,90,4,5,6,7,8,9

0,2,4,5,6,7,8,9 0,2,3,5,6,7,8,9

a

i

u

n

e

r

o

d

h t

l

0

a,h

0,5

n,r

0,7

n,s

h,oa,e

l,y

0,3,5

h,i,o d,g,t

n,s,t

0,4,5

h,k,oa,e,i

n,r,s 0,3,4,5

c,n,s,td,n,r,s,x l,n,r,s,t

f,m,n,r,u

0,5,6,7,8,9

0,2,5,6,7,8,90,4,5,6,7,8,9

0,2,4,5,6,7,8,9 0,2,3,5,6,7,8,9

a

i

u

n

e

r

o

d

h t

l

0

a,h

0,5

n,r

0,7

n,s

h,oa,e

l,y

0,3,5

h,i,o d,g,t

n,s,t

0,4,5

h,k,oa,e,i

n,r,s 0,3,4,5

c,n,s,td,n,r,s,x l,n,r,s,t

f,m,n,r,u

0,5,6,7,8,9

0,2,5,6,7,8,90,4,5,6,7,8,9

0,2,4,5,6,7,8,9 0,2,3,5,6,7,8,9

Juan Luis Gastaldi | Sous les distributions, la structure! 41/61



Which Structure?
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Which Structure?

Profunctor

f : Cop ˆ D Ñ Set

C Ñ
`

SetD˘op

D Ñ SetCop

M˚ : SetCop

Ñ pSetDqop

M˚ : pSetDqop Ñ SetCop

Isbell adjunction

M˚ : SetCop

Ô pSetDqop : M˚

pSetDqop

C SetCop

Y oneda

M˚

pSetDqop D

SetCop

M˚

Y oneda

M˚ci – di and M˚di – ci.

(Bradley et al., 2024)
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Outline

Introduction

Word Embeddings

The Structure behind Word Embeddings

Example: Wikipedia

Which Structure?

What Computation?

Why Language?

Conclusion
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Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011)

[G]iven a binary operation, noted

a, b xa|by : A ˆ B Ñ C and a subset P Ă C (the ‘pole’)

one can define the polar XK Ă B of a subset X Ă A
(resp. Y K Ă A of a subset Y Ă B) by :

XK :“ ty P B : @x P X, xa|by P P u

Y K :“ tx P A : @y P Y, xa|by P P u

˛ The map ‘polar’ is decreasing:

X Ă X 1 ñ X 1K Ă XK.

˛ The set PolpAq Ă PpAq of polar sets, i.e., of the

form Y K, is closed under arbitrary intersections. In

particular, A is polar and XKK is the smallest polar

set containing X.

˛ As a consequence, XKKK “ XK.

w

l

t nch

2i ea

o

1 9

e,n

a,l

c,th,m

2,9a,i a,e

1,91,8

h,m,w

d,h,t j,o,q

c,f,tc,t,w

a,e,oa,e,i

1,2,8 1,8,9

a,e,i,o a,e,o,u

a,i,n,s 1,3,8,9

b,h,m,r,v

1,2,4,7,8,9

0,1,2,3,4,5,6,7,8,9

a

i

u

n

e

r

o

d

h t

l

0

a,h

0,5

n,r

0,7

n,s

h,oa,e

l,y

0,3,5

h,i,o d,g,t

n,s,t

0,4,5

h,k,oa,e,i

n,r,s 0,3,4,5

c,n,s,td,n,r,s,x l,n,r,s,t

f,m,n,r,u

0,5,6,7,8,9

0,2,5,6,7,8,90,4,5,6,7,8,9

0,2,4,5,6,7,8,9 0,2,3,5,6,7,8,9

Juan Luis Gastaldi | Sous les distributions, la structure! 45/61



Theory of Computational Types

Definition (Polar/Orthogonal - Girard, 2011)

[G]iven a binary operation, noted

a, b xa|by : A ˆ B Ñ C and a subset P Ă C (the ‘pole’)

one can define the polar XK Ă B of a subset X Ă A
(resp. Y K Ă A of a subset Y Ă B) by :

XK :“ ty P B : @x P X, xa|by P P u

Y K :“ tx P A : @y P Y, xa|by P P u

˛ The map ‘polar’ is decreasing:

X Ă X 1 ñ X 1K Ă XK.

˛ The set PolpAq Ă PpAq of polar sets, i.e., of the

form Y K, is closed under arbitrary intersections. In

particular, A is polar and XKK is the smallest polar

set containing X.

˛ As a consequence, XKKK “ XK.
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Structuralist Semiology: Language (Langue) and Text

A Language [...] is the Paradigmatic of a

Denotative Semiotic whose Paradigms are

Manifested by all Purports.

(Hjelmslev, 1975, Df. 38)

A Paradigmatic or Sign-System [...] is a

Semiotic System.

(Hjelmslev, 1975, Df. 35)

A Text [...] is the Syntagmatic of a

Denotative Semiotic whose Chains are

Manifested by all Purports.

(Hjelmslev, 1975, Df. 39)

A Syntagmatic or Sign-Process [...] is a

Semiotic Process.

(Hjelmslev, 1975, Df. 33)
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Structuralist Semiology: Semiotic

A Semiotic [...] is a Hierarchy, any of whose

Components admits of a further Analysis into

Classes defined by mutual Relation, so that any of

these classes admits of an analysis into Derivates

defined by mutual Mutation.

(Hjelmslev, 1975, Df. 24)

Mutation [...] is a Function existing between

first-Degree Derivates of one and the same Class, a

function that has Relation to a function between

other first-degree derivates of one and the same

class and belonging to the same Rank.

(Hjelmslev, 1975, Df. 23)
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Syntagmatic and Text (Nucleai/Types)
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Paradigmatic and Langue (Vectors)
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Paradigmatic and Langue (Nucleai/Types)
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Structuralism and Formalism

(Saussure, 1980)

(Hjelmslev, 1975) (Hjelmslev, 1935) (Harris, 1960)
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Structuralism and Formalism

(SpangHanssen1959)
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Structuralism and Formalism

(SpangHanssen1959)
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Formal Content

(Gastaldi and Pellissier, 2021;Gastaldi, Forthcoming 2024c)

Form vs. and Meaning Content

Kant, Hegel, Frege, Saussure, Hjelmslev, etc.

Formal Content: The dimension of content which finds its source in the internal

relations holding between the expressions of a language.

˛ Characteristic Content: The content resulting from the inclusion of a unit in a class

of other units by which it accepts to be substituted in given contexts

˛ Syntactic Content: The content a unit receives as a result of the multiple

dependencies it can maintain with respect to other units in its context

˛ Informational Content: The content related to the non-uniform distribution of units

within those substitutability classes
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Illustration of Formal Contents

(Gastaldi and Pellissier, 2021;Gastaldi, Forthcoming 2024c)
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Formal Interpretability

Subword Tokenization

(Sennrich et al., 2016)

Informational Content

Word Embeddings

(Mikolov, Sutskever, Chen, Corrado, and Dean, 2013)

Characteristic Content

Self-Attention

(Vaswani et al., 2017)

Syntactic Content
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Collaborations

J. Terilla (CUNY), T.-D. Bradley (SandboxAQ), L. Pellissier (Paris-Est Créteil), Th. Seiller (CNRS), S. Jarvis (CUNY)
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