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Abstract

The tropical row span and column span of a real matrix are, from the polyhedral
point of view, different objects living in different ambient spaces. These polytopes
are known to be combinatorially isomorphic as polyhedral complexes; we prove
that they are isometric under a Hilbert projective metric. We show that this
isometry, along with a considerable amount of additional metric and polyhedral
structure, is a direct consequence of a single categorical construction: the Isbell
nucleus of the matrix, viewed as a profunctor enriched over the extended reals.
The projective nucleus carries two canonical structures inherited from enrichment.
The first is a Hilbert projective metric, with respect to which the Isbell conjugate
maps are mutually inverse isometries—this is the Isometry Theorem. The second
is a polyhedral cell decomposition cut out by the Isbell inequalities, recovering
the type decomposition of tropical convexity.

These two structures are linked pointwise by the gap matriz. The Events Theorem
identifies each positive entry of the gap matrix with the exact projective distance
to the locus where the corresponding inequality becomes tight: algebraic slack in
the Isbell inequalities equals geometric distance to the cell walls. Thresholding
the gap matrix at successive radii produces a constructible sheaf of formal con-
cept lattice towers, extracting discrete algebraic structure from the continuous
geometry at each point.



In the square case there is generically a unique full-dimensional cell. The Center-
ing Theorem identifies its Chebyshev center—the point maximally insulated from
all cell walls—and shows that the optimal radius equals the minimum directed
cycle mean of an associated digraph, connecting the projective geometry of the
nucleus to the classical theory of optimal assignments.
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1 Introduction

A real m x n matrix M gives rise to two tropical polytopes in tropical projective
spaces: a row span in TP" ™! and a column span in TP™~'. Each carries a polyhe-
dral decomposition into cells according to combinatorial type. A foundational result
of Develin and Sturmfels [1] is that these two polytopes are isomorphic as polyhedral
complexes: there is a canonical bijection between their cells that preserves combina-
torial type. Their proof is a direct polyhedral argument, relying on the structure of
the type decomposition. The starting point of this paper is the observation that a
stronger fact holds and admits a conceptual explanation: the row and column spans
are not merely combinatorially isomorphic but also isometric under the Hilbert pro-
jective metric, and this isometry is an immediate consequence of the fact that both
are projections of a single intrinsic object, the Isbell nucleus of M.

The Isbell nucleus is defined for any R-enriched profunctor M : C°’®@D — R, where
R is the monoidal poset R = ([—00, 00}, <, +). The Isbell conjugates M* and M, form
an adjunction between R-enriched presheaves on C and copresheaves on D:

M* f(d) = min(M(c,d) — f(c)), M, g(c) = min(M(c,d) — g(d)).
ceC deD

The nucleus Nuc(M) is the fixed-point locus, the set of pairs (f, g) with M* f = g and
M,g = f. When C and D are finite sets and M is a real matrix, the projectivization
PNuc(M) is a compact polyhedral space carrying two canonical structures: a projective
metric coming from the enriched hom, and a polyhedral cell decomposition coming from
the Isbell inequalities f(c)+ g(d) < M (¢, d). The cell decomposition recovers the type
decomposition of tropical convexity: a point is classified by the incidences (c,d) for
which equality holds, which we call witness pairs. Both structures are invariant under
external gauge transformations—reweighting M by row and column potentials—since
these act by isometries. The nucleus is the intrinsic geometric object; the matrix M is
just a coordinate presentation. In particular, PNuc(M) maps isometrically onto both
the tropical row span and the tropical column span: there is no mystery about why
the two spans are isometric, because they are projections of a single intrinsic space.



The central new tool is the gap matriz defined at each nucleus point (f,g) by
69 (e, d) = M(c,d)— f(c)—g(d). It is a non-negative matrix with at least one zero in
every row and column. Its zero entries record the witnesses and hence the combinatorial
cell. Its positive entries, which measure the slack in each inequality, turn out to have
a sharp geometric meaning. The three main results of the paper are the following.

Isometry Theorem (Theorem 13).

The projective Isbell maps M* and M, restrict to mutually inverse isometries between
the presheaf and copresheaf realizations of PNuc(M) for the Hilbert projective metric.
The tropical row and column spans are here revealed as two projections of a single
intrinsic space.

Events Theorem (Theorem 40).

Each positive entry of the gap matrix equals the exact projective distance to the
corresponding event locus:

le’Nuc ((f7 g)? gc,d) = 5(f7g) (C’ d)>

where &, 4 is the locus on which (¢, d) is a witness pair. In other words, algebraic slack
in the Isbell inequalities is geometric distance to the cell walls. This identity reflects a
rigidity special to the Hilbert metric and the linear structure of the Isbell conditions:
in a generic polyhedral-metric setting, constraint slack and boundary distance can
differ by arbitrary distortion factors.

Centering Theorem (Theorem 53).

In the square case |C| = |D| = n, there is generically one full-dimensional cell. The
Chebyshev center of this cell—the point maximizing the minimum distance to all cell
walls—has optimal radius equal to the minimum directed cycle mean of an associated
weighted digraph. At the center, the smallest positive gap is achieved with multiplicity
at least n (generically exactly n), identifying n equidistant event loci. The minimum
cycle mean is computable in O(n3) time by Karp’s algorithm [2], connecting the
projective geometry of the nucleus to the classical theory of optimal assignment [3, 4].

Further structures.

The Events Theorem has further structural consequences. Thresholding the gap matrix
at a value ¢ > 0 records which event loci lie within projective distance € of a given
point. The resulting Boolean relation is itself a profunctor, and its Isbell nucleus is a
finite lattice: a formal concept lattice in the sense of Wille. As ¢ increases, new witness
pairs enter and the lattice grows. Since the gap matrix has finitely many distinct
values, this growth factors through a finite tower of concept lattices, one for each
distinct gap value. Wall-crossing between consecutive floors is governed by canonical
mergers. The tower depends on the basepoint (f, g), but only through the ordering of



the gap entries: within each order chamber—a region where the ordering is constant—
the tower is invariant. Moving to a face of the chamber complex merges consecutive
floors, producing canonical specialization maps. The order chambers give a refinement
of the polyhedral decomposition defined by witnesses and appears to be new in tropical
geometry.

This pointed thresholding procedure deserves a moment of emphasis. The naive
operation of thresholding the matrix M directly ignores the geometry of the nucleus
and produces no meaningful structure, as far as we can see. But thresholding the
gap matrix 6(/9)—which depends on one’s position in the nucleus—extracts a princi-
pled family of discrete algebraic structures (formal concept lattices with joins, meets,
and Galois connections) from the continuous projective geometry, organized into a
constructible sheaf over the polyhedral order-chamber complex.

A running example.

To keep the discussion concrete, we repeatedly return to the following matrix. Let
C ={co,c1,c2} and D = {dy,ds,d3,ds} and set

0.7 1.5 1.7 -1.3
M=112 26 0.1 2.2
2.0 -1.6 2.0 —-2.9

In this case PNuc(M) is a two-dimensional polyhedral complex. Work in the gauge
slice f(co) = 0 and consider the point (f,g) with

f=1(0,0,0), g=1(0.7,-1.6,0.1,-2.9).

Its gap matrix is
0 3.11.61.6
69 = 10542 0 5.1,
1.3 0 1.9 0

whose positive values satisfy
0<056<13<16=16<19<31<42<5.1.

The zero pattern {(co, d1), (¢2,d2), (¢1,d3), (¢2,d4)} determines the witness cell contain-
ing (f, g), while the positive entries are—by the Events Theorem—the exact projective
distances from (f,g) to the surrounding cell walls. The tie at 1.6 is the value at
which the order of the gap entries changes, producing a wall in the order-chamber
decomposition. Figure 1 illustrates this gap-value-as-distance phenomenon.

1.1 Relation to existing work

On the tropical side, Develin and Sturmfels introduced the polyhedral theory of trop-
ical convexity and its decomposition into combinatorial types [1]; see also [5] for



2

Fig. 1 The running 3 X 4 example in an affine chart of PNuc(M). The green point is the basepoint
(f,9), and the shaded regions are the 2-cells of the witness decomposition. For each positive gap
value, the corresponding marked event point lies on the first event locus encountered at that radius,
as indicated by the dashed segment from (f, g). The repeated value 1.6 is the tie that later becomes
the order wall between two adjacent chamber refinements.

background. The half-space and distance formulas that underlie our Events Theorem
are close in spirit to work of Gaubert and Katz on max-plus convexity and tropical
half-spaces [6, 7]; compare also [§8]. Gaubert and Sergeev [9] study cyclic projectors
and separation in idempotent convex geometry, using the Hilbert projective metric in
the tropical setting; our 1-Lipschitz and isometry results for the Isbell maps can be
seen as complements to their spectral approach.

On the categorical side, the idea of treating generalized metric spaces as categories
enriched over an ordered monoid goes back to Lawvere [10]. Isbell conjugacy originates
in Isbell’s paper on adequate subcategories [11], and Avery and Leinster [12] give a
modern treatment over an arbitrary base. In the setting of Lawvere metric spaces,
Willerton developed the Isbell completion in detail [13—15], relating it to the Legendre—
Fenchel transform. Via the c-transform, the same formalism also connects to optimal
transport [16].



The bridge from enriched-category theory to tropical and directed-metric phe-
nomena has been explored from several directions. Elliott and Fujii observed that
Isbell-type nuclei provide a natural home for tropical polytopes [17, 18]. Bradley,
Terilla, and Vlassopoulos use enrichment over [0,1] 2 [0,00] to organize linguistic
structure [19], while Gaubert and Vlassopoulos develop related directed-metric and
tropical-polyhedral ideas in the setting of large language models [20]. Recent work of
Bradley and Vigneaux studies magnitude and magnitude homology for categories of
texts enriched by language-model probabilities [21]. Background and motivation for
these applications are reviewed in [22].

The Centering Theorem connects to the combinatorial optimization literature. The
minimum cycle mean of a weighted digraph is a classical invariant studied by Karp [2],
and the assignment-problem duality underlying the Chebyshev LP is closely related
to the Hungarian method [3, 4]; see [23, Ch. 17| for a textbook treatment. In a related
but distinct direction, Akian, Gaubert, Qi, and Saadi [24] prove that the inner radius
of a Hilbert ball inscribed in a tropical polyhedron equals the value of a mean payoff
game; our Centering Theorem can be viewed as a pointwise refinement of this circle of
ideas, identifying the Chebyshev radius of a specific cell within the nucleus with the
minimum cycle mean of an explicit digraph derived from the optimal assignment.

These constructions fit into a broader program in which nuclei acquire additional
compatible structure. In particular, nuclei arising from profunctors compatible with
monoidal data carry further operations relevant to linear realizability; see [25-27].
The finite real case studied here exhibits the projective metric geometry, witness cells,
event loci, order chambers, the associated constructible sheaf of lattice towers, and
the Chebyshev centering of full-dimensional cells.

Our conventions differ slightly from some of the literature, and these differences
matter for the geometry. We therefore keep Section 2 self-contained, but restrict it
to the categorical material used later. The cocompletion formulas behind the Yoneda-
density statements are standard; see [28].

Organization of the paper. Section 2 fixes conventions for R-enriched categories,
profunctors, and the Isbell adjunction. Section 3 develops the projective metric geom-
etry and proves the Isometry Theorem. Section 4 develops the witness polyhedral
structure, proves the Events Theorem, introduces order chambers, and shows how
pointed thresholding of the gap matrix assembles into chamberwise concept-lattice
towers with canonical face-specialization maps. Section 5 specializes to the square case
and proves the Centering Theorem.

2 Isbell duality over the extended reals

We fix conventions for R-enriched categories, the Isbell adjunction associated to a
profunctor M : C - D, and its nucleus Nuc(M). The weighted-colimit formulas behind
the density identities are standard; see [28].



2.1 The arithmetic of R

We begin with the real numbers ordered by <. Viewed as a category, its limits are
infima and its colimits are suprema. Adjoining +0c makes R = RU {400} into a poset
category that is complete and cocomplete: infema and suprema of arbitrary subsets
exist. Addition of real numbers defines a symmetric monoidal structure which extends
to (R, <,+,0) by declaring —oo absorbing: —oo +y = —oo for all y € R, including
y = +o00. This convention is dictated by the requirement that each translation z —
2 + y preserve colimits (suprema) and hence have a right adjoint: any other extension
of addition to +o0o would violate this. The right adjoint is residuation z — y := [y, 2],
characterized by x +y < z <= x < z — y and given explicitly by

z—y=sup{zeR|z+y<z}. (1)

On finite reals this is ordinary subtraction. At the boundary one has co — co = oo
and —oo — (—00) = oo; in particular, subtracting —oo is not the same as adding
+00. Three properties are used throughout: residuation z — 2z — y is monotone and
preserves infima (being a right adjoint); the reverse map z — z — z is antitone; and
—o0 is absorbing for addition while co is absorbing for residuation.

We use R rather than Lawvere’s ([0, 00, >, +,0) because both infinite values play
a geometric role. Subsets A C C x R arise naturally in our applications, and they
determine presheaves C — R by ¢ + sup{r € R | (¢,7) € A}: one needs f(c) = —o0
when A contains no point over ¢ and f(c¢) = +oco when it contains all of them. More
immediately, in Lawvere’s base ([0, 0], >,+,0) the monoidal unit 0 is the top ele-
ment, so residuation is truncated: z — y = max(z — y,0). In R the unit 0 sits in the
interior, residuation is ordinary subtraction, and the resulting translation action on
(co)presheaves produces affine geometry—then projective geometry after quotienting
by constant shifts.

2.2 Categories, functors, presheaves, and profunctors

An R-category C consists of a set Ob(C) and hom-values C(c, ¢’) € R satisfying C(c, c) =
0 (identities) and C(c, ) +C (¢, ") < C(c, ) (composition). The opposite CP reverses
the hom-values: C°P(c,c’) = C(c¢/,c). An R-functor F: C — D is a map on objects
satisfying C(c, ') < D(Fec, Fc'); the enriched hom between functors is [D, R](F,G) =
inf.cc D(Fe, Ge), making [D, R], the set of R-functors from D to R, into an R-category.
If it is not ambiguous, we abbreviate [D, R|(F,G) by [F, G].

A presheaf on C is an R-functor f: C°P — R; a copresheaf on D is an R-functor
g: D — R. We regard copresheaves as objects of [D,R]°P (same underlying functions,
reversed pointwise order), so that the Isbell conjugates below become R-functors. The

enriched homs are computed pointwise:

CRI(f, ) = inf (f'(c) = f(c)),  [D,R]*(g,9') = inf (9(d) —g'(d)).

ceC deD



In particular, the underlying order on presheaves is the pointwise order, while
copresheaves in [D,R]°P carry the opposite of the pointwise order.

The enriched Yoneda lemma says that [C(—, ¢), f] = f(c) and [9,D(d, —)](p gjer =
g(d). In particular, [C(—,c),C(—,c")] = C(e,c) and [D(d,—),D(d',—)] = D(d’,d) so

the Yoneda map y: C — [C°P,R], ¢ = C(—,¢), and its copresheaf analogue D —

[D,R]°P, d — D(d, —), are fully faithful embeddings. Every presheaf and copresheaf is
a pointwise supremum of representables:

f(x) =sup (f(c) +C(z,c)),  g(x)=sup(g(d)+ D(d,z));
ceC deD

for the weighted-colimit formulation, see [28§].
A profunctor M: C - D is an R-functor M: C°® ® D — R, where C°? ® D has
objects Ob(C) x Ob(D) and (C°? ® D)((c,d), (¢, d")) = C(c,¢) + D(d,d’). Any set S

determines a discrete R-category with S(s,s’) = 0 if s = ¢ and —oo otherwise; for
discrete C and D, every function M: C x D — R defines a profunctor.

2.3 Isbell duality and the nucleus

Let M: C - D be a profunctor. For each d € D the column M (—,d) is a presheaf
on C, and for each ¢ € C the row M(c, —) is a copresheaf on D. The Isbell conjugates
extend these assignments to arbitrary (co)presheaves.

Definition 1. The Isbell conjugates of M are

M*: [C°°,R] — [D,R]°P,

M*: [Da R]Op — [COP7RL

defined by
(M f)(d) := inf (M(e,d) - (¢)), 2)
(M.g)(c) = inf (M(c,d) - g(d)). 3)

Proposition 2. The maps M* and M, are R-functors and satisfy M* 4 M,, i.e.,
[D,RIP(M™ f,9) = [C°P, R](f, M.g)

for all presheaves f and copresheaves g. Moreover, M* and M, are order-reversing
for the pointwise order.

Proof. Functoriality of M*: if § = [f, f'] = inf.(f'(c) — f(c)) then f(c) < f'(c) — ¢
for all ¢, and taking inf. of M(c,d) — f'(c) + 6 < M(c,d) — f(c) yields [f, f'] <

[D,R]°P(M* f, M* f"); similarly for M,.



For the adjunction, the key step is that residuation by g(d) preserves infima:

(DRI (M f,9) = inf (inf (M(c,d) - (c)) — 9(d))
= mfinf (M(c,d) — f(c) - g(d))

—int (inf (M(e.) - () - 1(0)) = (€ BI(£,M.g).
Antitonicity: if f < f’ then M(c,d) — f'(¢) < M(c,d) — f(¢) by antitonicity of
residuation, so (M*f")(d) < (M*f)(d); the argument for M, is the same. O

Since M* and M, are each antitone, the composites M, M* and M™* M, are mono-
tone. The adjunction M* - M, gives f < M,M*f for every presheaf f: indeed,
the adjunction identity applied with g = M*f reads [M*f, M*f] = [f, M. M*f],
and the left side is > 0, so f < M,M*f. Dually ¢ < M*M,g. Monotonicity
and expansion together imply idempotence: applying M. M* to f < M, M*f gives
M. M*f < (M.M*)?f (the expanding direction), and applying the antitone M* to
the same inequality gives M* M, M* f > M™* f, then applying the antitone M, reverses
again: (M, M*)2f = M.M*M,M*f < M,M*f. So M,M* and M*M, are closure
operators:

f<MMf, (M.M*)? = M,M*, A
g < M*M.g, (M*M,)*=M*M,. )
In other words, each closure operator is a projection: it expands its input to the nearest
fixed point, and once there, does nothing.
Definition 3. The nucleus of M is the R-category

Nuc(M) ={(f,9) | 9= M"f, [ = M.g},
with hom-values Nuc(M)((f,q),(f",d)) = [f.f] = [D,R|°®(g,9'), the equality
holding by the adjunction.
Proposition 4. The projection (f, g) — f identifies Nuc(M) with Fix(M.M*), and
(f,9) — g identifies it with Fix(M*M,). Moreover, Fix(M.M*) = im(M.M*) =
im(M,) and Fix(M*M,) = im(M*M,) = im(M*).

Proof. The first identification is immediate: (f,g) € Nuc(M) iff f = M,g = M. M*f;
dually for the second.

For any closure operator, fixed points and image coincide: every fixed point is in the
image (it is its own closure), and every element of the image is fixed by idempotence.
So Fix(M,M*) = im(M,.M*).

It remains to show that M, already lands among the fixed points of M,M™*,
ie. M M*M, = M,. The expansion ¢ < M*M,g and the antitonicity of M, give
M, M*M,g < M,g. The reverse inequality is the expansion M,qg < M,M*M.,g.
Together: M, M*M, = M,, so M, lands in Fix(M,.M*). Dually M*M,M* = M*. O



Corollary 5. A presheaf [ is a fized point of M, M™* if and only if it is the largest
presheaf with the same M*-image: M*h = M*f = h < f. Dually for copresheaves
and M,.

Proof. If f = M.M*f and M*h = M*f, then h < M. M*h = M.M*f = f by (4).
Conversely, applying this to h = M, M* f gives M, M*f < f, and (4) gives the reverse
inequality. O

3 Projective metric geometry

The nucleus constructed in Section 2 is an R-enriched category, and the enrichment
determines a canonical projective metric. The enriched hom [f, f'] = inf.(f'(c) — f(c))
is a directed distance: [f, f'] > 0iff f < f’, and enriched composition gives the directed
triangle inequality. Symmetrizing introduces a kernel: —[f, f'] — [f/, f] = 0 exactly
when f — f’ is constant, so the symmetrized distance descends to a genuine metric on
translation classes. For real-valued presheaves, this metric has a simple form:

de([f], [f]) = max (f(c) = f'(¢)) —min (f(c) = f'(c)),
the oscillation of the difference—the tropical form of a Hilbert projective metric. The
Isbell transforms, being equivariant for constant translation, respect this projectiviza-
tion. For general R-valued presheaves, some care is needed at +oo: first to handle fixed
points of the translation action, and then because residuation at +o0o does not behave
like ordinary subtraction. We handle this in §3.2 below.

3.1 Finite index sets and the Isbell transforms

For the geometric constructions below it is convenient to work with finite, discrete R-
categories. Thus, for the remainder of this section, C and D are finite sets (regarded
as discrete R-categories), and a profunctor M : C - D is simply a function

M:CxD—R.

In this setting, presheaves on C and copresheaves on D are just functions C — R and
D — R, and the infima in Definition 1 are minima. Accordingly,

(M £)(d) = min (M c,d) — ().
5
(M.g)(e) = min (M (e.d) ~ g(d)). ®)

where z — y denotes residuation in R (cf. (1)).
Lemma 6. For any finite constant A € R one has

M (f+ ) = M*f = X,
M.(g —A) = Mug+ A,

10



where A denotes the constant function on C or D.

Proof. For the first identity, subtracting A from each term inside the minimum gives

(M*(f + A)(d) = min (M(c,d) — f(c) = A)

C

The second identity is analogous. O

The equivariance (6) is the algebraic shadow of a projective symmetry: if (f,g)
satisfies g = M* f and f = M.,g, then so does (f + X,g — A).

3.2 Projective (co)presheaves and the Hilbert—oscillation
metric

We now isolate the locus on which translation by constants acts freely.
Definition 7. Define the finite somewhere presheaves [C°P, R]s to be the full subcate-
gory of presheaves f: C — R for which f(c) € R for at least one ¢ € C. Define [D,R]{?
similarly for copresheaves on D.

On these full subcategories, (R, +) acts freely by constant translation f — f+ A.
Definition 8. The projective presheaf space of C is the quotient

PC := [C°P, Rz /R.

Let [f] € PC denote the translation class of f. Similarly, the projective copresheaf space
of D is
PD := [D,R]{P/R.

For A € R and presheaves f, f/, the enriched hom satisfies [f + X, f'] = [f, /'] — A
and [f, f'+ A\ = [f, '] + A. In particular, the symmetrized quantity —[f, f'] — [f’, f]
is R-invariant. This is the tropical analogue of Hilbert’s projective metric: it measures
only the oscillation of the difference.

When f and f’ are real-valued (i.e. f, f': C — R), the projective distance is simply

de([f], [f']) = max (f(c) = f'(¢) = min (f(c) = f'(c)),
the oscillation of the difference. For general R-valued presheaves, some care is needed.
The residuation f(c) — f/(¢) is not antisymmetric when both values are 400 or both
are —oo: one has 0o — 0o = 0o and —oo — (—00) = 00, so subtracting —oo is not the
same as adding +o0o. We isolate the offending indices.

Definition 9. Let f, f' € [C°P, R]s. Set

S(f. ') == {c €C| f(c) = f/(c) = +o0 or f(c) = f'(c) = —o0}.

11



These are the indices at which residuation fails to be antisymmetric. Define the
projective distance between [f], [f'] € PC by

sup  (f(c) = f'(c))

e#S(HF") if both extrema lie in R,

- it (1) - 1) ™)

+00 otherwise.

de([f1,[£) =

Define dp on PD analogously.
Proposition 10. The function d¢ is an extended metric on PC. Moreover, whenever
de([f1,[f']) < oo one has the identity

de([f1,[f]) = =L£, F1= 1" £, (8)

where [f, f'] is the enriched hom in [C°P,R].

Proof. Well-definedness on PC is immediate: translating f by a finite constant A
shifts both sup(f — f’) and inf(f — f’) by A, so their difference is unchanged, and
S(f, f') is unaffected since oo + A = +o0o. Symmetry and nonnegativity are clear.
If de([f],[f']) = 0 then f(c) — f'(c) is a single real constant on C \ S(f, f’) and
£(e) = f/(c) € {00} on S(f, f), 50 [f] =[]

Now assume dc([f],[f']) < oo. Since 400 is absorbing for residuation, every
¢ € S(f,f") contributes f'(¢) — f(c) = +oo to the enriched hom [f,f'] and
f(e) = f'(¢) = 400 to [f’, f]. These values cannot achieve either infimum (which is
finite by hypothesis), so they drop out and

“IL =1 fl = sup (F(e) = f(€)) — inf (£() = f'(e)) = de([f1. 11D,
which is (8).

For the triangle inequality: if either summand on the right is +oc there is nothing
to prove. Otherwise all three distances are finite and we use enriched composition

T+ U 7 < U 7 and [f7, f71 4 [f, f] < [f”, f]. Negating and adding gives
de([f1, 1f"1) < de (1, [£]) + de([f), [F")- H

3.3 Projective nuclei and isometries

We now impose the mild hypothesis needed to pass M* and M, to projective spaces.
Definition 11. We call the profunctor M nondegenerate if the Isbell transforms
preserve the finite-somewhere condition:

M ([Copaﬁ]fs) g [Daﬁ]?sp7
M, ([ID,R]?SP) - [Copvﬁ]f&

12



Under this hypothesis, Lemma 6 implies that M* and M, descend to well-defined
maps
M*: PC — PD,

M., :PD — PC.
Definition 12. Let Nuc(M) be the nucleus of M (Definition 3) and set

Nuc(M)g == Nuc(M) N ([C°P, Rl x [D,R]F) .
The group R acts on Nuc(M)g by
A(f9)=(F+Ag—A).
The projective nucleus is the quotient
PNuc(M) := Nuc(M)g/R.
We metrize PNuc(M) by

dexue ([(f,9)], (£, 9')]) := max {de([f], [£]), d((g], [9')} -

Write Fixppo;(M.M*) C PC and Fixpyo;(M*M,) C PD for the images in
projective space of the fixed-point sets of the closure operators M,M* and M™*M,.
Theorem 13 (The Isometry Theorem). Let M : C - D be a nondegenerate profunctor.
Then the maps M*: PC — PD and M, : PD — PC are 1-Lipschitz for the metrics d¢

and dp. Moreover, they restrict to mutually inverse isometries

M*: Fixproj (M, M") Xproj (M*M,),

= TFi
M, : Fixppo; (M*M,) = Fixppo; (M, M*).

and hence identify PNuc(M) isometrically with either projective fized-point set.

Proof. Functoriality of M* in the enriched sense gives, for presheaves f, f,
[, /'] < [D,RIP(M* f, M* ') = [D,R|(M" ', M* ),
and the same inequality with f and f’ exchanged. Negating and adding yields
—[Mrf, M f] = ML ML < [ = 1 A

If de([f],[f']) < oo, Proposition 10 identifies both sides with the corresponding
projective metrics, giving

dp (M*[f], M*[f']) < de ([f1, [f']) -
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If de([f],[f']) = +oo, the inequality is tautological. Thus M* is 1-Lipschitz, and
similarly M,.

On the projective fixed-point sets, M* and M, are inverse bijections (Proposi-
tion 4). Since each is 1-Lipschitz, the two inequalities

dp (M*[f], M*[f"])

<
de (M. [g], M.[g']) <

c
dp
apply to inverse pairs and force equality. Hence both restrictions are isometries.

Finally, the identification with PNuc(M) is obtained by projecting [(f, g)] — [f]
or [(f,9)] = [g]. 0

Consequently we obtain a diagram of metric spaces in which every arrow is an
isometry:

PNuc(M)

™1 ™2

. % M* . N
FlXProj (M*M ) FlXpToj (M M*)
M

where m([(f,9)]) = [f], m(((f,9)]) = g, i([f]) = [(f,M"f)], and is([g]) =
[(M.g,9)]-

3.4 External gauge transformations

Beyond translation by constants there is a larger symmetry: the additive group R¢ x RP
acts on matrices by adding constants to rows and columns, the diagonal equivalence of
tropical linear algebra. This action changes M but preserves PNuc(M) up to canonical
isometry, so the projective metric and cell decomposition depend only on the diagonal
equivalence class of M.

Definition 14. For u € R¢ define L, : PC — PC by [f] — [f — u]. For v € R? define
R,: PD — PD by [g] — [g — v]. Given (u,v), define the gauge transform of M by

M@V (¢, d) := M(c,d) — u(c) — v(d).

Lemma 15. On projective spaces, the Isbell transforms of M) are conjugate to
those of M :

(Mw,v))* — R,oM*o L7,

(M<u7v>) =L,0M,oR,".
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Proof. For a representative f and any d € D,

(M) (f = w)(d) = min (M(e,d) = u(e) = o(d) = (£(e) - u(c)))
= min (M(e,d) = £(c)) — v(d)
= M*f(d) — v(d).

This is precisely (R, o M*)(f)(d). The statement for (M(“’”))* is analogous. O

Proposition 16. For any (u,v) € R¢ x R?, the map

®,.: PNuc(M) — PNuc ( Mw)) ,
(£, 9] = [(f —u,g = )]

is a well-defined isometry with inverse [(f',g')] — [(f + u,¢’ + v)]. Consequently
the projective fized-point sets and projective nuclei of M and M) are canonically
1sometric.

Proof. The maps L, and R, are isometries: subtracting the same potential from both
arguments leaves the difference, hence its oscillation, unchanged. Lemma 15 identifies
the Isbell equations for M with those for M (%) under these isometries. Thus (f,g) €
Nuc(M) if and only if (f —u,g—v) € Nuc (M(“’”))7 and the induced map on projective
quotients is an isometry. O

3.5 Witness cells and the gap matrix

The projective metric of PNuc(M) is intrinsic and gauge-invariant (Proposition 16).
When the indexing sets are finite, the Isbell inequalities also endow PNuc(M) with
a polyhedral stratification. The bridge between metric and polyhedral structure is
the gap matriz 659 its zero entries record the witness relation and hence the
combinatorial cell, while its positive entries measure slack.

We continue with C and D finite as in §3.1, though the definitions below extend
verbatim to general small R-categories by replacing minima with infima. Fix a non-
degenerate profunctor M. For a presheaf f, write g := M*f as in (5), and dually
f = M.,g. B
Definition 17. Let f: C — R and let g := M*f. An element ¢ € C is a witness for f
at d € D if ¢ realizes the minimum defining M* f(d):

9(d) = M(c,d) = f(c).

Dually, if g: D — R and f := M,g, then d € D is a witness for g at c € C if d realizes
the minimum defining M, g(c).
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Because M*(f + A\) = M*f — X and M.(g — \) = M.g + X for every A € R, the
witness relation depends only on the projective classes [f] € PC and [g] € PD. By
definition of ¢ = M* f, the inequalities

fle)+g(d) < M(c,d), ce€C, deD

always hold. The gap matrix measures how far they are from equality.
Definition 18. Let [f] € PC and choose a representative f: C — R. Set g := M*f.
The gap matriz of [f] is the function

6% (¢, d) == M(c,d) — (f(c) + g(d)). 9)

Dually, for [g] € PD with representative g and f := M.g, we set 09(c,d) := M(c,d) —
(f(e) + g(d)). If (f,g) € Nuc(M), then 6 = 69, and we write §(/9).
Lemma 19. (a) For every A € R, one has 677> = 67.

(b) For u € R® and v € RP, let M) (¢c,d) := M(c,d) — u(c) — v(d) be the gauge
transform. If g = M* f, then (M(“’”))* (f —u) = g — v, and the corresponding
gap matrices agree:

§f = ¢/,
where 87 is computed with M and 67— with Mv).

Proof. (a) follows from M*(f+X) = M*f—Xand (f(c)+ )+ (g(d) — ) = f(c)+g(d).
For (b), compute

M® (e,d) — ((f —u)(c) + (g —v)(d)) = M(c,d) — (f(c) + g(d)). &

On the finite locus, the zeros of § are exactly the witness pairs. The next lemma
isolates the only subtlety: in R, a zero gap forces finiteness.
Lemma 20. If 6/ (c,d) =0, then f(c), g(d), and M(c,d) are all finite real numbers.

Proof. By definition, §/(c,d) = M(c,d)—(f(c) + g(d)) is a residuation. If f(c)+g(d) =
+oc then §7/(c,d) = M(c,d) — oo € {—oco,c}, never 0. If f(c) + g(d) = —oco then
§f(c,d) = M(c,d) — (—00) = oo, again not 0. Thus f(c) + g(d) € R. Since —oo is
absorbing for addition, a finite sum forces f(c), g(d) € R. Finally, M(c,d) € R as well:
if M(c,d) = +oo then M(c,d) — (f(c) 4+ g(d)) = o0. O

Proposition 21. Let [f] € PC with representative f, let g := M*f, and let § = §7.

Then:

(a) 6(c,d) >0 for all (¢,d) € C x D.

(b) If 6(c,d) =0, then c is a witness for f at d.

(c) If f and g are finite-valued, then §(c,d) = 0 if and only if ¢ is a witness for f
at d. In particular, every column contains at least one zero.

(d) If moreover (f,g) € Nuc(M) and f,g are finite-valued, then §(c,d) = 0 if and
only if d is a witness for g at c¢. In particular, every row contains at least one zero.
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Proof. (a) Since g(d) = miny (M(¢,d) — f(c')), we have g(d) < M(e,d) — f(c) for
every c. By residuation this is equivalent to f(¢) + g(d) < M (¢, d), hence d(c,d) > 0.

(b) If 6(c,d) = 0, then Lemma 20 shows the relevant entries are finite, so subtraction
is ordinary: 0 = M(c¢,d) — f(c) — g(d), hence g(d) = M(c,d) — f(c) and ¢ realizes the
minimum in M* f(d).

(c) If f, g are finite-valued and c is a witness for f at d, then g(d) = M(c,d) — f(c)
and 6(c,d) = 0. The converse is (b). Since C is finite, every minimum defining ¢(d) is
attained, so every column contains a witness and hence a zero.

(d) Apply (c) to the dual description f = M,g. O

Corollary 22. If (f,g) € PNuc(M) and f,g are finite-valued, then c is a witness for
f at d if and only if d is a witness for g at c.

Proof. This is Proposition 21(c) and (d). O

Corollary 23. A finite-valued presheaf f is a fixed point of M. M* if and only if every
row of 67 contains a zero. Equivalently, for every ¢ € C there exists d € D such that d
1s a witness for M* f at c.

Proof. 1If f is finite-valued and fixed by M, M*, write g := M* f,so f = M,g. Since D is
finite, for each ¢ the minimum defining f(c) is attained at some d, and then 67 (¢, d) = 0.
Conversely, if every row contains a zero, fix ¢ and choose d with §7(c,d) = 0. Then
f(e) = M(e,d) — g(d), hence

(M.g)(e) = min (M(c,d") — g(d')) < M(c,d) - g(d) = f(c).

On the other hand f < M, M*f = M.g by (4), so equality holds coordinatewise. [J

For a finite-valued nucleus point, the witness pattern is exactly the zero set of the
gap matrix.
Definition 24. For (f,g) € PNuc(M) with f,g finite-valued, define the witness
relation

Z(f,g) = {(c, d)eCxD|6F9(c,d) = o} . (10)

By Proposition 21(d), the relation Z(f,g) meets every row and every column.
These relations partition the finite part of PNuc(M): we declare (f,g) ~ (f',¢') if
Z(f.9)=2(f".9")
Definition 25. For a relation Z C C x D meeting every row and column, define the
open witness cell

Cell®(Z) := {(f,g) € PNuc(M) | f, g finite-valued and Z(f,g9) = Z} .

Remark 26. After choosing an affine chart for the projective quotient (for example
min f = 0), the closure of Cell°(Z) is a classical polytope, cut out by the equalities
M(c,d) = f(c)+g(d) for (¢,d) € Z together with the inequalities M (c,d) > f(c)+g(d)
for all (¢, d). The open cell Cell®°(Z) is its relative interior. We develop this in Section 4.
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Because D is discrete, the copresheaf represented by d € D is the delta function
ga(d) = 0 and gq(d") = —oo for d’ # d. A direct computation gives M.gq = M(—,d):
the columns of the matrix M are the images of the representables.

Definition 27. For d € D define the dth anchor presheaf A;: C — R by Aq =
M(—,d).

Proposition 28. Fach anchor A lies in Fix(M,M*) = Im(M,). Moreover, for any
f € Fix(M,M*) there exist weights \q € R such that

fle) = géig (Aa(c) = Ag), ceC. (11)
Proof. Since Aq = M.g4, we have Ay € Im(M,) = Fix(M,.M*). Conversely, if f €
Fix(M,M*) = Im(M,) then f = M,g for some copresheaf g, hence

7€) = min (M(e, ) - g(d)) = min (Aa(e) — M)

with \g := g(d). O

Equivalently, Fix(M,M*) is the closure of the anchors A4 under weighted coprod-
ucts: every fixed point f can be written as the pointwise minimum of translates Aqy—\g,
and conversely every such minimum lies in Fix(M,M™).

Proposition 29. If M:C x D — R is a real-valued matriz on finite sets, then
PNuc(M) is compact.

Proof. Since M is real-valued, each anchor A; = M(—,d) is real-valued, and
Proposition 28 then implies that every fixed point of M, M™* admits a real-valued rep-
resentative. On the affine slice {f | f(co) = 0}, the Isbell inequalities f(c) + g(d) <
M(e,d) bound f and g coordinatewise, so the nucleus embeds as a closed bounded
subset of RICI-1, O

4 Polyhedral geometry, event loci, and lattice towers

In Section 3.5 we associated to each finite-valued nucleus point (f, g) its gap matriz
39 (e,d) = M(c,d) - f(c) — g(d)

and its zero set
Z(f.9) = {(c,d) eCxD| VI (c,d) = o},

This section develops the polyhedral side of that data. We pass from the witness rela-
tion to explicit witness polyhedra, prove that positive gap values are exact distances
to event loci, refine the witness decomposition by order chambers, and show that
pointed thresholding of the gap matrix yields a chamberwise constructible sheaf of
concept-lattice towers.
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4.1 Witness polyhedra and admissibility

We continue with C and D finite and now assume that M : C X D — R has finite real
entries. By Proposition 29, PNuc(M) is compact and each projective class admits a
real-valued representative.

To describe the polyhedral structure concretely, we fix an affine chart. Choose
co € C and set

Nuc(M)o :={(f,g) € Nuc(M) | f(co) = 0}.

Since each class in PNuc(M) has a unique representative in Nuc(M )y, this identifies
Nuc(M)g = PNuc(M) as sets; we use this chart when explicit coordinates are needed,
but the metric and cell structures are independent of the choice of ¢g.

Working in this chart, the Isbell inequalities

f(e) +g(d) < M(e,d) for all ce C,d € D

cut out a feasibility polyhedron in R¢ x RP. The Isbell fixed-point conditions for the
nucleus are equivalent to the requirement that every row and every column attains
equality. Given Y C C x D, we obtain a smaller closed polyhedron by forcing equality
along Y.

Definition 30. Let Y C C x D. We say that Y covers C if for every ¢ € C there exists
d € D with (¢,d) € Y. We say that Y covers D if for every d € D there exists ¢ € C
with (¢,d) € Y.

Definition 31. For Y C C x D, define Cell(Y) to be the set of pairs of real-valued
functions (f, g) € R¢ xRP satisfying the gauge condition f(cg) = 0 and the constraints

f(e) +g(d) < M(e,d) for all (¢,d) € C x D, (12)
f(e) +g(d) = M(c,d) for all (¢,d) €Y. (13)

Thus Cell(Y) is a (possibly empty) closed polyhedron. For general Y, feasibility of
(12)—(13) does not imply that (f,g) is a nucleus point. The next lemma isolates the
combinatorial condition that forces the Isbell equalities in every row or column.
Lemma 32. Let Y CC x D and let (f,g) satisfy (12)—(13).

(a) If Y covers D, then g = M*f.
(b) If Y covers C, then f = M.g.
Consequently, if Y covers both C and D, then every (f,g) € Cell(Y) lies in Nuc(M ).

Proof. (a) Fix d € D. From (12) we obtain g(d) < M(c,d) — f(c) for all ¢, hence

9(d) < min (M(c,d) = f(c)) = (M f)(d).
Since Y covers D, there exists ¢ with (¢,d) € Y. Then (13) gives g(d) = M(c,d) — f(c),
hence g(d) > (M*f)(d). Thus g(d) = (M*f)(d).
(b) The proof is symmetric. If Y covers both sides, (a) and (b) give g = M* f and
f=M.g,so (f,g) € Nuc(M), and the gauge condition places it in Nuc(M)y. O
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Covering both C and D is necessary for Cell(Y) to lie in the nucleus (Lemma 32),
but for most covering sets the system (12)—(13) is infeasible.
Definition 33. A subset Y C C x D is admissible if it covers both C and D and
Cell(Y) # @.

When Y is admissible, Cell(Y') is a nonempty polyhedron consisting entirely of
nucleus points by Lemma 32.
Lemma 34. Let (f,g) € Nuc(M)o, and set

Z(f,9) ={(c,d) e C x D f(c) + g(d) = M(c,d)}.

Then (f,g) € Cell(Z(f,g)). In particular, Z(f,g) is admissible.

Proof. The inequalities (12) are exactly the Isbell inequalities for (f, g). The definition
of Z(f, g) is the equality condition (13). Since C and D are finite and (f, g) is a nucleus
point, each row and each column attains equality, so Z(f, g) covers both C and D. O

Corollary 35. The set Nuc(M)g = PNuc(M) is a union of finitely many polytopes:

Nuc(M)o= | J  Cell(Y).

Y admissible

Proof. By Lemma 34, each (f,g) € Nuc(M)o lies in Cell(Z(f,g)), and Z(f,g) is
admissible. Since C x D is finite, there are only finitely many admissible subsets Y.
Each Cell(Y) is a closed convex polyhedron by construction. Since M is real-valued,
Proposition 29 implies that Nuc(M ) is compact, hence each nonempty Cell(Y) C
Nuc(M)g is bounded. Thus every admissible Cell(Y') is a polytope. O

Lemma 36. For any Y,Y’' CC x D one has
Cell(Y) N Cell(Y") = Cell(Y UY").
Proof. The inequalities (12) are common to all Cell(-), and the equalities (13) imposed

by Y and by Y together are exactly those imposed by Y UY". O

Corollary 37. The admissible polytopes {Cell(Y)} form a finite polytopal complex
inside Nuc(M)o = PNuc(M): if Y and Y' are admissible, then Cell(Y) N Cell(Y') is
either empty or a common face of both.

Proof. By Lemma 36, the intersection is Cell(Y UY”). If it is nonempty, then Y UY’
covers both C and D, hence is admissible, and Cell(Y UY”) is obtained from Cell(Y")
and Cell(Y”) by imposing additional linear equalities. Therefore it is a face of each. [
4.2 From witness polyhedra to witness cells

The witness polyhedra Cell(Y') are best regarded as closures of the open witness cells
from §3.5. For (f,g) € Nuc(M)g, write § = 69 and Z = Z(f,g) = 6~(0). Then
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Cell(Z) is the smallest witness polyhedron containing (f, g), and its relative interior
consists of those points for which no additional inequalities become equalities:

Cell°(Z) = {( £.q') € Cell(Z) | 89 (¢,d) > 0 for all (c,d) ¢ z} .

In particular, for every admissible Z the witness cell Cell’(Z) is the relative interior
of the polytope Cell(Z).

In the classical min-plus setting this recovers the type decomposition of a tropical
polytope, for instance via tropical hyperplane arrangements [1]. The gap matrix con-
trols not only the combinatorics but also the metric geometry of this decomposition:
each positive entry 6(/:9) (¢, d) is the exact projective distance from (f, g) to the locus
where (¢, d) becomes a witness pair. This is the Events Theorem, proved in §4.3 below.

4.3 The events theorem

We now show that each positive entry of the gap matrix is the exact projective distance
to the locus where the corresponding inequality becomes tight. Related formulas for
the distance to a half-space in Hilbert’s projective metric appear in idempotent semi-
module theory [8]; the result here is stronger because nucleus points are constrained
by the Isbell equations, which couple all rows and columns simultaneously.

Fix a point (f,g) € PNuc(M) and let § = 6(/+9) be its gap matrix.
Definition 38. For each pair (¢,d) € C x D, we define the corresponding event locus

Eeai={(f.9) € PNue(M) | 8V (e, d) = 0}.

Thus &, 4 is the locus in PNuc(M) where (¢, d) is a witness pair.
Lemma 39. Let (f,g) € PNuc(M) and let A = 679 (c;,d;) > 0. Then there exists
(f',9") € &,.,a; such that
dIP’NuC ((f7 9)7 (fl7 g/)) =\

Proof. Work in the gauge slice Nuc(M )y and choose representatives with f(co) = 0.

Define f”: C — R by
f”(C) — f(C) c%cia
fle)+ XA c=q.
Set ¢ := M*f"” and f' := M,q' = M, M*f”. By the identities M*M,M* = M* and
M. M*M, = M,, we have ¢’ = M*f’ and f' = M.,g’, hence (f’,g') € Nuc(M)q.
For each d € D one has

¢/(d) = min (min (M (e,d) — () Mesd) — f(es) — A)

c#c;

min (g(d), g(d) + 699 (¢;,d) — )\)

= g(d) — max ()\ — 69 (¢, d), 0) .
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In particular,
9(d) — g'(d) = max (A = 59 (c;,d),0)
takes values in [0, A\]. Moreover, g(d;) = ¢'(d;) because §/9)(c;,d;) = . Since
(f,g) € Nuc(M)g, row ¢; of 6(/+9) contains a zero by Proposition 21(d); choose dj, with
§\:9) (¢;,dy,) = 0. Then g(di) — ¢'(dx) = A. Therefore dp([g], [¢']) = \.
Since (f,g) and (f’,¢’') are nucleus points, f = M,g and f' = M,g’. The map M,
is 1-Lipschitz for the projective metrics by Theorem 13, so

de([f1:[f') < dp([g],[g]) = A

By definition of dpny. it follows that

d]P’Nuc ((fa g)a (f/a g/)) =A
Finally, at the distinguished pair (¢;, d;) we have ¢'(d;) = g(d;) and

f'(ei) = min (M(ci,d) — g'(d) < M(ei, dj) = g'(dy) = M(ei,dj) — g(d) = flei) + X
On the other hand, f” < f' = M, M* f” by extensivity of the closure operator M,M*,
so f'(¢;) > f"(¢;) = f(c;) + A Thus f'(¢;) = f(c;) + A, and

89 (¢4, dy) = My, dy) — f'(ci) — g'(dy) = 699 (¢;,dy) — A = 0.

Hence (f,4') € &,.4,, as claimed. O

The construction in the proof has a geometric interpretation worth highlighting.
The perturbation f” moves f by A in the c¢;-coordinate direction, which generically
leaves the nucleus. The closure f' = M,M*f” projects back onto the nucleus, and
the resulting point lies on the event locus &, 4, at projective distance exactly A from
(f,9). Expressing f’ directly in terms of the gap matrix:

f(e)= fle) + Jlfjneig (6(c,d) + max (A — d(¢;,d),0)).
This formula, together with the analogous expression for ¢’, determines the figures in
the examples below.

Note that the closure M, M* is nonexpansive, so it can only decrease the distance
from a nucleus point: d([f], [M.M*f"]) < d([f],[f"]) for any presheaf f”. In general
this inequality is strict. The key feature of the construction is that the perturbation
f" = f+ A1, is calibrated so that no distance is lost: the extensivity f” < M,M*f”
pins f/(¢;) at f(c;)+ A from below, while the Isbell equation pins it from above, forcing
d([f1,[f']) = A

Lemma 39 gives the upper bound: there exists a point on &4 at distance
exactly A. The theorem shows this is optimal. For any subset S C PNuc(M), write

d]P‘NuC((fa g)a S) = inf(f’,g/)eS dIP’NuC((fvg)v (f/vgl))‘
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Theorem 40 (The Events Theorem). Let (f,g) € PNuc(M) and let (¢,d) € C x D.
Then

dpxuc ((f> 9), Eca) = 69 (¢, d).

Proof. If §(/9)(¢,d) = 0, then (f,g) € E.q4 and both sides are 0. If M(c,d) = +oo0,
then §(f9)(¢,d) = +oo at every nucleus point and &.4 = &, so both sides are +oc.
Assume A = 69 (c,d) € (0,00). By Lemma 39 there exists (f',g') € E.q with

dIP’Nuc ((f7 9)7 (fl7 gl)) = >\a S0 d]P’NuC ((fu g)a 5c,d) S >\
For the reverse inequality, work in the gauge slice Nuc(M)o and fix (f1,¢1) € Ec.q.

Set a(c) = fi(e) — f(c) and let

o= Igléga(c), B = rileamc)(a(c).

By definition of the projective metric on PC one has

de ([f,[fi]) =B —a.
Since g = M*f and g1 = M* f,, for each d’ € D,

g1(d') = min (M(e,d') = f1(e)) = min (M(e,d') = f(e) = a(c) .

Therefore
g9(d) =B < gi(d) < g(d) -,
so g1(d") — g(d') € [-B, —a]. Tt follows that for all ¢’ € C and d' € D,

(f1(c) + g1(d) = (f(¢) + 9(d)) = a(¢') + (91(d) = g(d')) € [ = B, 8 — ],

hence
[(f1() + g1(d) = (f() +9(d))] < B —a.
Evaluating at the distinguished pair (¢, d) and using fi(c) + g1(d) = M(c,d) gives

A=M(c,d) = f(c) — g(d) = (fi(c) + 91(d)) — (f(c) + 9(d)) < B — a.
Finally, by definition of dpny. one has

de ([f1, [f1]) < denuc ((£,9), (f1,91)),

s0 A < dpnue ((f,9), (f1,01)) for every (f1,91) € & q. Taking the infimum over &, 4
yields dpnuc ((f;9), Ec,a) > A, hence equality. O

Corollary 41. Let (f,g) € PNuc(M) and write Z = Z(f,g). Then

denue | (£:9). | Eea | = min {89 (c,d)| (c,d) ¢ 7}

(c,d)¢Z
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In particular, the smallest positive gap is the first radius at which an additional witness
can appear.

Proof. Because C x D is finite, the distance from (f, g) to the union of the event loci is
the minimum of the distances to the individual event loci. Apply Theorem 40 to each
pair (¢,d) ¢ Z. O

We illustrate the perturb-and-project construction on the 3 x 4 example from §3.5.
Let f = (0,0,0) and ¢ = M*f = (0.7,—1.6,0.1,—2.9), viewed in the gauge slice
Nuc(M)p. The gap matrix is

0 3.11.6 1.6
509 = 10542 0 5.1
1.3 0 1.9 0

Figure 2 isolates the event with
A=19= 5(f’g)(62, ds)

The shaded hexagon is the radius-) projective ball about f in PC = R?. Define f”: C —
R by f”(c) = f(c) for ¢ # co and f’(c2) = f(c2) + A. This presheaf need not be a fixed
point of M,M*, and in fact is not: the red point f” lies on the boundary of the ball
but outside the nucleus. Applying the closure produces f' = M,M* ", shown in blue,
which lies on the event locus &, 4, and remains at projective distance A from f. In this
example one finds f' = (0.6,0, 1.9), which is projectively equivalent to (0, —0.6,1.3) in
the gauge f(co) = 0.

4.4 Order chambers

A witness cell is determined by the zero pattern Z = 6~ 1(0) of the gap matrix.
Theorem 40 shows that the remaining entries carry metric information: for each
(c,d) ¢ Z the gap value 0(c,d) is the distance from (f,g) to the event locus & 4.
Keeping track only of the relative order of the positive gaps refines the witness
decomposition.

Definition 42. Fix (f,g) € PNuc(M) and write § = §(/:9). The gap preorder =g 0L
C x D is the total preorder defined by

(e,d) =g (d,d) <= 6(c,d) <6(,d).

Two nucleus points in the same witness cell lie in the same order chamber if they
induce the same gap preorder.

To describe a chamber as a polyhedron, let < be a total preorder on C x D and
let Y C C x D be its set of minimal elements. Assume that Y covers C and D, so that
Cell(Y) C Nuc(M)g. The closure of the corresponding order chamber is the subset of
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closure

gt’z, d3

Fig. 2 The event with radius 1.9 = §(/»9) (c2,d3). The red point f” is obtained by moving a distance
1.9 in the co-direction; it lies on the radius-1.9 projective ball but outside the nucleus. Its closure
f' = M. M*f" lies on the event locus &, 4,, showing that this locus is first met at radius 1.9.

Cell(Y) cut out by the weak inequalities
(e,d) = (¢, d') = 69 (¢, d) <69, d).

The order chamber itself is the relative interior, obtained by requiring strict inequal-
ity between distinct equivalence classes. These conditions are gauge-invariant by
Lemma 19.

Proposition 43. The order chambers subdivide each witness cell into a finite
polyhedral complex, cut out by a hyperplane arrangement in the gap values. A
codimension-one wall corresponds to a tie 6(c,d) = 5(¢',d") between two gap values
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Aj

Aj

i

Ay

F> 5

A

Fig. 3 The global order-chamber refinement of the witness-cell decomposition in the running exam-
ple. Each witness cell is subdivided by comparing the positive gap values d(c,d), and adjacent
chambers differ by swapping the order of one neighboring pair of event radii. The two colors indicate
the bipartite coloring of the chamber graph.

from distinct equivalence classes of =<; crossing the wall swaps their order and leaves
the rest of the preorder unchanged. In particular, the adjacency graph of order chambers
is bipartite [29].

4.5 Pointed thresholding and formal concept lattices

The nucleus of a Boolean relation is a lattice of formal concepts in the sense of
Wille [30]; the nucleus of a real-valued matrix is the polyhedral metric space studied in
the preceding sections. Thresholding the gap matrix connects the two: at each nucleus
point (f,g) and each radius & > 0, the sublevel set {6(/:9)(c,d) < ¢} is a Boolean rela-
tion whose concept lattice L. captures the discrete Galois-closed dependencies among
the incidences visible from (f,g) at resolution €. As ¢ increases, the relation grows
and the lattice with it, assembling a tower of concept lattices that records the order
in which the entries of M are reconstructed from the witness pairs outward.

To describe the lattice L. explicitly, we briefly review the Boolean case. By
Booleans, we mean the two-element monoidal poset {0,1} with order 0 < 1 and
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monoidal product A. A Boolean-valued profunctor on discrete sets C, D amounts to
a relation R C C x D. Pre- and copresheaves are Boolean-valued functions and may
be identified with subsets. The Isbell conjugates of R are the pair of order-reversing
maps between power sets

R*: P(C) — P(D), R (F)={deD]|(c,d) € Rforall ce F},
R.: P(D) — P(C), R.(G)={ceC]|(c,d)€RforalldeG},

and they form a Galois connection: F' C R.(G) <= G C R*(F). A formal concept of
R is a fixed point of this adjunction—a pair (F, G) with G = R*(F) and F = R.(G)—
exactly as in Definition 3, but enriched over Booleans rather than R. Following [30],
F is called the extent and G the intent. The set of all formal concepts is a complete
lattice, ordered by inclusion of extents (equivalently, reverse inclusion of intents):

(F,G) < (F',G") <= FCF «<— G CG.

Meets and joins are computed by intersecting extents and intents respectively, then
re-closing;:

o= (e (Qe)) v (0e) )

When R € R’ C C x D are nested relations, there are two canonical ways to
transport a formal concept of R to one of R': re-close the extent, or re-close the intent.
Proposition 44. Let R C R’ C C x D be relations on sets of objects C and attributes
D, with extensions to power sets R*: P(C) — P(D) and R,: P(D) — P(C), and
similarly for R'. Write L = Nuc(R) and L' = Nuc(R') for their concept lattices. The
maps

TR p TS s L= I
defined by

TR w (F,G) == (RL(R™F), R"F),
™ o (F,G) := (R.G, R*(R.Q)).

are monotone. Moreover:

(a) TS o (F, G) is the least concept of L' whose extent contains F.
(b) T2t o, (F,G) is the greatest concept of L' whose intent contains G.
(c) One has the inequality TS, o, (F,G) < TH, o, (F,G) in L'.

Proof. Both pairs are concepts of R’ by construction, and monotonicity follows from

the monotonicity of the closure operators R, R"™* on extents and R"* R/ on intents.
For (a), extensivity of R,R'™* gives F C R\ (R"™*F). Now let (F',G') € L' with

F C F’'. Since R™* is antitone, G’ = R*F’ C R'*F, and applying the antitone map R/,
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gives R, (R™*F) C R,(G') = F'. Thus T /(F,G) is the least concept of L’ whose
extent contains F'.

For (b), extensivity of R*R,, gives G C R”*(R.,G). If (F/,G’) € L' and G C &',
then antitonicity of R, yields F' = R,(G’) C RL(G), so (F',G') < T® . (F,G).

For (c), since (F,G) € L one has G = R*F. Because R C R/, every attribute
related by R to every element of F' is also related by R/, so G = R*F C R*F.
Applying R/, gives R, (R™*F) C R/ (G), which is the extent inequality T , (F, G) <
Tli’??iR’ (F7 G) O

4.6 Chamberwise lattice towers

Return to the R-profunctor M on finite discrete sets C and D, and fix a nucleus point
(f,9) € Nuc(M). For € > 0, the sublevel set of the gap matrix defines a Boolean
relation.

Definition 45. For ¢ > 0, define a Boolean profunctor RY9) . cor @D — {0,1} by

S (T
0 if 659 (c,d) > e.
Let L.(f, g) := Nuc( §f’g)) denote its concept lattice.

An element of L.(f,g) is a pair (F,G) with F = (R.).G and G = (R.)*F. The
Events Theorem gives these threshold relations a direct metric interpretation.
Proposition 46. For every (f,g) € Nuc(M), every € > 0, and every (¢,d) € C x D,

(¢,d) € Rgf’g) = 6(1079)(07 d) <e = dpnuc ((f,9),Eca) <€

Thus the threshold relation records exactly which event loci lie within projective
distance € of (f,g).

Proof. The first equivalence is the definition of Rgf g ), and the second is Theorem 40.
O

For brevity, write R, := RY9 and L. := L.(f,9). If e <€ then R. C R.,, and
Proposition 44 provides two monotone transport maps
t int .
Tse,);/ S T;fls/ . LE — L5/7
the first preserving extents minimally, the second preserving intents maximally.

For a fixed numerical value of €, the relation Réf 9) need not be locally constant as
(f,g) varies in an order chamber, since the gap values §(/*9) (¢, d) move continuously.
What s locally constant on an order chamber is the order in which incidences enter
as € increases. It is therefore natural to reindex the construction by the equivalence
classes of the chamber preorder.
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Fix an order chamber () with total preorder <g on C x D, and let
Ey<q E1 <q - <q En,

be the equivalence classes, ordered from smallest to largest. For 0 < k < m define

k
R =|JE ccxD,
=0

giving a finite chain of relations Rgg C R? C--- C RY. Setting LkQ = Nuc(Rg), each
inclusion R? c R,?, carries a pair of monotone transport maps Tffjct, < T,icf‘,';, L — LkQ,
from Proposition 44, giving a finite tower of concept lattices

L?—>L?—>-~-—>L§1

with canonical lower and upper structure maps at each step.

Proposition 47. Let Q) be an order chamber with preorder classes Fg <q -+ - <q Em.
For every (f,g) € Q and every e > 0, there is a unique index k such that Rg’g) = RkQ.
Consequently the real-parameter family € — L.(f,g) factors through the finite tower
LOQ — -+ = LY and this tower depends only on the chamber Q, not on the chosen
point.

Proof. Points of the same order chamber determine the same total preorder on the gap
values. The sublevel condition 6(/9)(c,d) < e therefore selects an initial segment of
the preorder classes, and every initial segment arises for a unique threshold value. [

4.7 The constructible sheaf of lattices

The chamberwise towers assemble into a global structure over the order-chamber
complex.

Proposition 48. Let Q' be a face of the closure of an order chamber Q. Then <¢ is
obtained from =g by merging consecutive equivalence classes, so each class for <q/ is

a union of consecutive classes for <g. Consequently, the chain {R?,} is a subsequence

of {RkQ}, and the lattice tower for Q' is a coarsening of the tower for Q: it retains
the same concept lattices at the merged thresholds, with structure maps given by the
direct transport for the corresponding (larger) inclusion.

Proof. Passing from @) to a face imposes equalities among neighboring gap values
while preserving their order relative to the remaining classes. Hence only consecutive

preorder blocks merge, and the relation chain and lattice tower coarsen accordingly.
O
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L LY L3 L3 LY Le

ng/ L?/ L2Q/ L?I

Ta,5

Fig. 4 Specialization to a face. If Q’ < @Q merges consecutive preorder blocks, the tower over Q’
retains the lattices at the merged thresholds, with structure maps given by the direct transport for
the coarsened inclusions.

Propositions 47 and 48 say that the assignment
Q — (L?%L?%---%L%)

is a constructible sheaf of lattice towers over the order-chamber complex: each open
chamber receives a finite tower of concept lattices, and specialization to a face coarsens
the tower by merging consecutive floors. The two transport maps 7% < Tt fur-
nish canonical lower and upper structure maps at each step of each tower; both are
preserved by the coarsening.

We illustrate on the running example. Let C = {¢g,c1,¢2}, D = {di1,dz2,d3,ds},

and let
0.7 15 1.7 —-1.3

M=1]12 26 0.1 2.2
2.0 -1620 -29

Work in the gauge slice f(cg) = 0, so f = (0,z,y) € R3. Consider three nucleus points
f1 :(07070)’ f2:(07_0'170)7 f3:(070'170)7
with g; :== M* f; and 6;(c,d) := M(c,d) — fi(c) — gi(d). One computes

g1 = (0.7,—1.6,0.1,—2.9),
g2 = (0.7,-1.6,0.2, —2.9),
g3 = (0.7,-1.6,0.0, —2.9)

and gap matrices

00311616 0.031151.6 0.031171.6
01 =10.5420.05.1{, 02 = (0.6 4.3 0.0 5.2, 03 = {04 4.1 0.0 5.0
1.3 0.0 1.9 0.0 1.3 0.0 1.8 0.0 1.3 0.0 2.0 0.0

In particular,

d2(co, ds) < d2(co, da), d1(co, ds) = d1(co, da), d3(co,ds) < 63(co,ds),
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o(co,d3)=6(co,ds)

o(co,d3) > 6(co, ds)

Fig. 5 Local wall crossing at the 1.6 tie. Along the diagonal wall one has 6(cp, d3) = §(co,ds). The
points f2 and f3 lie in the adjacent chambers where these two event radii are ordered oppositely,
while f; lies on the wall.

so fo and f3 lie in adjacent order chambers Q2 and )3, separated by the wall @, =
Q2 N Q3 through f;. Figure 5 shows these three points.
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Let RV .= {(¢,d) | é;(¢,d) < e} be the threshold relations and write L(R) :=
Nuc(R) for the concept lattice of a relation R C C x D. Define the relations

Ry := {(co,d1), (c1,d3), (c2,d2), (c2,d4)},
Ri=RyU{(ci,d1)},  Ra:=RiU{(e2,h)},
Rs, = Ry U{(co,d3)},  Rap:= RaU{(co,da)},
Ry := Ry U{(co,ds), (co,ds)},

Rs := Ry U {(c2,d3)}, Re := R5 U {(co,d2)},
R7 = RsU{(c1,d2)},  Rs:=RrU{(c1,ds)}.

The chamberwise towers are:

atfgngz RyC R CRyCR3, CRyCR;C RgCR;CRg
atf1€Q1: Ry CRi  CRyCRyCRsCRgCR;CRg
at f3 € Q3 : Ry C Riy CRy C Ry C Ry C Ry C Rg C Ry C Rg.

The only combinatorial difference between the two chambers is the order in which
(co,d3) and (co,dy) enter; on the wall they enter simultaneously.
The corresponding concept lattices are:

L(R) = {(@ | {d1,d2,d3,ds}), ({c1} | {d1,d3}),
({e2} [ {d1,da,da}), ({co,c1,c2} | {di})},

L(Rsa) = {(@ [ {d1,d2,ds,ds}), ({c2} [ {d1,d2,du}),
({co, e} [{dr,ds}), ({co,c1,ca} [ {di})},
L(Rsp) = {(@ | {d1,d2,d5,ds}), ({1} | {dr,ds}), ({c2} | {d,d2,da}),
({co, 2} [ {d1,da}), ({co,c1,c2} | {di})},
L(Ry) = {(@ [ {d1,d2,d5,ds}), ({co} | {d1,d5,ds}), ({c2} | {d1,d2,du}),
({co, e} [{dr,ds}), ({co,co} [{di,da}), ({co,c1,ea} | {di})}.

For k > 4 the lattices are the same in all three towers: L(R5) is a 3-element chain,
L(Rg) and L(R7) are 2-element chains, and L(Rg) is the one-point lattice.

In this example, the direct transport map T5 4: L(R2) — L(R4) agrees with both
composites Ts4.4 © T2 3, and Ty 4 0 Th 3p, for either choice of T or T, Figure 6
displays this as a commutative diamond.

5 The square case: optimal assignments and
Chebyshev centering
When C = D and |C| = n, the projective nucleus of a real n x n matrix M acquires

canonical structure that has no analogue in the rectangular case: a distinguished scalar
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L(R3a>

T2 34 w‘
L(Ry4)

T24

T2 3b A’

L(Rsap)

L(Ry)

/X

Fig. 6 Wall specialization at the 1.6 tie. The adjacent chambers Q2 and @3 correspond to the two
strict refinements of the wall preorder: in Q2 the incidence (co, d3) enters before (co, d4) (intermediate
relation R3q), while in Q3 the order is reversed (Rgp). On the wall, the tie merges these floors, yielding
the direct inclusion R2 C Ry4. In this example the diamond commutes for both 7%t and Tt,

val(M) (the tropical determinant), at most one full-dimensional cell (and generically
exactly one), and within that cell a canonical center point whose inscribed radius is a
computable invariant of M. This section develops these invariants: §5.1-85.2 identify
the full-dimensional cell via the tropical determinant, and §5.4-85.5 solve the Cheby-
shev centering problem, expressing the optimal radius as a minimum directed cycle
mean.

5.1 Full-dimensional cells are permutation cells

The projective space PC has dimension n — 1, so every witness polyhedron Cell(Y) has
dimension at most n — 1. We call Cell(Y) full-dimensional if it achieves this bound.
Any subset Y C C x C that covers both factors has |Y| > n, with equality if and only
if Y is the graph of a permutation o € S,,:

Ty :={(c,0(c)) | c€C}.

Proposition 49. If Cell(Y) is full-dimensional, then Y = T, for a permutation
o€Sy.

Proof. Suppose Y contains two pairs (¢,d) and (¢/,d) with the same second coordi-
nate d. The witness equalities (13) give f(c) + g(d) = M(c,d) and f(') + g(d) =
M(c,d), hence f(c') — f(¢) = M(c',d) — M(c,d) throughout Cell(Y). In the gauge
f(co) = 0, this is a nontrivial affine relation among the n — 1 free coordinates of f, so
Cell(Y) has dimension at most n — 2. Therefore each d € C appears in at most one
pair of Y. Since Y covers D = C, each d appears exactly once, giving |Y| < n. But Y
also covers C, so |Y'| > n, and Y is the graph of a bijection. O
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(co,d3) enters first both entries appear together (co.dy) enters first
d ds

I dy d dy d3 dy dy d> ds dy

5]

left chamber wall right chamber

{co,c1,¢2}

(60,@

=)

@
L(R3q) L(R4) L(R3p)

Fig. 7 Thresholded relations and Boolean nuclei across the 1.6 tie. In the left chamber the new
incidence (co, d3) enters first, giving R3q; on the wall both incidences appear together, giving Ry4; in
the right chamber (cg,d4) enters first, giving R3p. The lattices below show the corresponding change
in the Boolean nuclei.

5.2 The tropical determinant and the full-dimensional cell

For o € S,,, the M-cost of o is >
minimum cost:

cec M(c,0o(c)). The tropical determinant of M is the

val(M) := min M(e,0(c)).
ocESy, pore
The matrix M is tropically nonsingular if the minimum is achieved by a unique permu-
tation. A permutation achieving val(M) is optimal; finding one is the linear assignment
problem [3, 4]; see also [5] for the tropical perspective.

By Proposition 49, every full-dimensional cell has the form Cell(T',). The admissi-
ble permutations turn out to be exactly the optimal ones:

Proposition 50. The permutation graph U, is admissible if and only if o achieves
val(M).

This is a restatement, in Isbell-duality language, of the classical LP-duality char-
acterization of optimal assignments [23, Ch. 17]. We include the proof here because
it gives an explicit construction of a nucleus point in Cell(T', ). This is useful because
the full-dimensional cell is difficult to reach by naive geometric means: projecting a
generic point of PC onto PNuc(M) typically lands on a low-dimensional boundary cell
rather than the full-dimensional interior. The shortest-path construction in the proof
reappears, in strengthened form, in the Centering Theorem.
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Proposition 51. The permutation graph Ty, is admissible if and only if o achieves
val(M).

Proof. Suppose I';, is admissible and choose (f,g) € Cell(I'y). Summing the witness
equalities f(c) + g(o(c)) = M(c,o(c)) over ¢ gives

D fO Y gld) = Me,o(e)), (14)
c d c

since ¢ is a bijection. For any other permutation 7, summing the Isbell inequali-
ties f(c) + g(7(c)) < M(c,7(c)) over ¢ gives Y . f(c) + > ,9(d) < > . M(c,7(c)).
Comparing with (14) shows o achieves val(M).

Now assume o achieves val(M). We construct (f,g) € Cell(T',) via shortest-path
potentials.

Step 1: the auziliary digraph. Form the complete directed graph on C with edge
weights

w(e— )= M(d,o(c)) — M(c,0(c)).

The weight w(c¢ — ¢’) measures the change in cost when column o(c) is reassigned
from row ¢ to row ¢'.

Step 2: no negative cycles. For a directed cycle xyg — ©1 — -+ — x = xg, the
edge weights telescope:

k-1 k-1
Zw T = Tig1) Z[M(J?H_l, o(x;)) — M(zi, 0(x;))].
i=0 i=0
If this were negative, replacing o on the cycle by 7(z;4+1) = o(x;) would yield a

permutation of strictly lower cost, contradicting optimality.

Step 3: shortest-path potentials. Fix a base vertex cg. Since there are no negative
cycles, shortest-path distances from ¢y are well-defined. Set f(c) to be the shortest-
path distance from ¢y to ¢, so f(cp) = 0 and f(¢/) < f(e) + w(e — ¢) for all ¢, .
Define g by

glo(e)) == M(c,a(c)) = f(e).
The witness equalities f(c) + g(o(c)) = M(c,0(c)) hold by construction. For the
off-diagonal Isbell inequality at (¢/,o(c)) with ¢ # ¢

F() +9(o(c)) = f(¢) + M(c,a(c)) = f(c) < M(d,0(c)),

since M(c,a(c)) — M(c,0(c)) = w(c = ) > f(¢') — f(c). As o is a bijection, every
d € Cis o(c) for a unique ¢, so f(¢') + g(d) < M(c,d) for all pairs. Thus (f,g) €
Cell(T,). O

Proposition 52. If o and 7 are distinct permutations both achieving val(M), then
Cell(T'y) = Cell(T';) = Cell(T', UT';), and this cell has dimension at most n — 3.
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Proof. Let (f,g) € Cell(I';). Summing the witness equalities for o gives > f(c) +
> q9(d) = val(M) as in (14). Summing the Isbell inequalities along 7 gives >~ f(c) +
>-49(d) < val(M), using that 7 is a bijection achieving the same value. The left-hand
sides are identical, so every inequality f(c)+g(7(c)) < M(c,7(c)) is an equality. Thus
(f,9) € Cell(T';), giving Cell(T';) C Cell(I';); by symmetry the two cells coincide.
Since o # 7 differ on at least two elements of C, we have [I', UT';| > n+ 2, so the cell
satisfies at least n + 2 witness equalities and has dimension at most n — 3. O

Combining the three propositions: PNuc(M) has a full-dimensional cell if and only
if M is tropically nonsingular, and in that case there is exactly one.

5.3 Chebyshev centering

Assume now that M is tropically nonsingular with unique optimal permutation o. On
the full-dimensional cell Cell(T',), the witness equalities f(c) + g(o(c)) = M(c,0(c))
pin g to f:

g9(o(c)) = M(c,o(c)) — f(e),  ceC. (15)

The gap matrix on this cell is
09 (e,d) = M(e,d) — f(c) — g(d).

with 6(59) (¢, 0(c)) = 0 for all ¢ and §(/9) (¢, d) > 0 for d # o(c) at every interior point
of Cell(I',; ). The Events Theorem identifies each positive gap entry with the projective
distance to the corresponding event locus. List the n(n — 1) positive gap values in
nondecreasing order:

el(fvg) < 62(]‘-79) < S en(n—l)(fag)'

Then e; is the distance from (f,g) to the nearest cell wall. A Chebyshev center of
Cell(T',) is any point maximizing e, and the Chebyshev radius is

r* = e1(f,9).

max
(f,9)€Cell(')

Since e; = 0 on 9 Cell(T',) and e; > 0 in the interior, every Chebyshev center lies in
the open cell Cell°(T,).

5.4 The Chebyshev LP
Substituting (15) into the gap formula, the gap at an off-diagonal pair (¢, o(c¢")) with
c#cis

359 (c,0(c)) = ale,d) + f(¢) = f(o), (16)

where
a(e,d) = M(c,o(c)) — M(c',a(c)) (17)
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depends only on M and o. Note that a(e,¢’) = w(¢’ — ¢), the edge weight of the
auxiliary digraph from the proof of Proposition 51 with the direction reversed: the
shortest-path potentials constructed there satisfy a(c,c’) + f(¢') — f(¢) > 0, which is
exactly the condition § > 0 on the off-diagonal gaps.

Since o is a bijection, the off-diagonal pairs (c,d) with d # o(c) are exactly the
pairs (¢,0(c)) with ¢ # /. In the gauge slice f(cg) = 0, the Chebyshev problem
becomes the linear program

maximize 7
subject to  a(c, )
fleo) =

This LP has n variables—f(c1),..., f(cn—1) and r—and n(n — 1) inequality con-
straints.

+() = fle)zr, c#d, (18)
0.

5.5 Statement and proofs

Theorem 53 (The Centering Theorem). Let M be a real n X n matriz with a unique
optimal permutation o, and let a(c,c’) = M(c,o(c)) — M(c,o(c)).
(a) The Chebyshev radius r* equals the minimum directed cycle mean of the digraph

C,a): .
r* = IIllIl — alce, ),
ol 2 e
where v ranges over all directed cycles in the complete graph on C.
(b) At every vertex of the (convex) set of Chebyshev centers, the multiplicity of ey is
at least n.
(¢) For M outside a proper algebraic subset of R"*™, the Chebyshev center is unique
and the multiplicity of e1 is exactly n.

Proof of (a). The constraints in (18) read f(c) — f(¢) < afe,d’) —r for all ¢ # ¢.
This is a system of difference constraints: upper bounds on pairwise differences of
the variables f(c). By a standard result in combinatorial optimization [23, Corol-
lary 8.3b], such a system is feasible if and only if the weighted digraph with edge
weights a(c,¢’) — r has no negative-weight directed cycle. A cycle v of length |v|
has nonnegative total weight if and only if >° . .\, (a(c,¢') =) = 0, equivalently
r < (/1)) Xeeyey @le, ), the cycle mean of 4. This holds for every directed cycle
if and only if » < min, mean(v). Hence * = min, mean(y). O

Proof of (b). The LP (18) lives in R™ with n(n — 1) inequality constraints. The set
of optimal solutions is a face of the feasible polyhedron. At any vertex of this face, at
least n linearly independent inequality constraints are active. Each active constraint
ale,d) + f*() — f*(¢) = r* corresponds, via (16), to an off-diagonal pair (¢,o(c’))
with 6(/97) (¢, 0(¢')) = r* = e;. Hence the multiplicity of e; is at least n. O
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Proof of (c). LP nondegeneracy—the condition that no vertex of the feasible polyhe-
dron has more than n active inequality constraints—fails on a proper algebraic subset
of the space of a-coefficients, hence of R™*"™. For nondegenerate instances, the optimal
vertex is unique and exactly n constraints are active. O

5.6 A square example

The running 3 x 4 example is not square. To illustrate the Centering Theorem, consider

the 3 x 3 matrix
116

M=1631
165
The unique optimal permutation is the 3-cycle o = (120), with val(M) = M(0,1) +
M(1,2)+ M(2,0) =1+1+1 =3, s0 M is tropically nonsingular and Cell(T',) is the
unique full-dimensional cell. On this cell the three witness equalities f(c) + g(o(c)) =
M(e,0(c)) pin g to f; in the gauge f(co) = 0 with f1 = f(c1), fo = f(c2), the six
off-diagonal gap functions become

5(0,0) = fa, §(1,1) =2 f1, 6(2,1) =5~ fa,
5(0,2) =5+ f1, 5(1,0) =5 — f1 + fo, 5(2,2) =4+ f1 — fo.

Requiring each to be non-negative gives the cell. Four of the six inequalities are active:
fZZoa f1§23 f2§57 f27f1§47
the remaining two (f; > —5 and f; — fo < 5) are redundant. The cell is therefore a

quadrilateral with vertices (—4,0), (2,0), (2,5), (1,5).
The a-matrix a(c, ) = M(c,0(c')) — M(d,0(c)) is

-50
a=12 .5
54 -
The five directed cycle means are:
10— 1 —0) = 22 ’ L
p(0 =2 = 0) = %5 — (0 =12 —0) = 55345 — 5,
p(l—2—1) =54 = (0 =2 =1 —0) = 02 — 9
- T2 = 9

The minimum is r* = 2, achieved uniquely by the 3-cycle 0 — 2 — 1 — 0. Solving the
difference-constraint system f(c) — f(¢’) < a(ec,¢’) — r* via shortest-path potentials
gives the Chebyshev center f* = (0,0,2), g* = (=1, 1,1). The gap matrix at the center
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do

Fig. 8 The Chebyshev center of Cell(I'y) for the 3 x 3 matrix M of §5.6, shown in the gauge
f(co) = 0. The full-dimensional cell (shaded quadrilateral) has four walls, one for each active Isbell
inequality. Three walls (bold, Eo 0, E1,1, E2,2) are tight at the center «*, meaning § = r* = 2; the
fourth (Es2 1, lighter) has § = 3 > r*. The inscribed hexagon is the spread-metric ball of radius r*.
Dashed lines from z* to the three tangent points confirm equidistance. Three order-chamber walls
through a* partition the cell into regions of constant gap ordering. Column anchors dg, di, d2 are
the images of the columns of M in TP2.

is

205

5059 — (7920 ,

032
whose zero entries sit at the o-positions (0, 1), (1,2), (2,0). As predicted by part (b) of
the Centering Theorem, exactly n = 3 off-diagonal gaps achieve the value r* = 2: these
are 0(0,0), 6(1,1), and 6(2,2), corresponding to the event loci Ey, E1,1, and Es .
The center is equidistant from these three walls in the Hilbert projective metric, and
the inscribed hexagonal ball of radius r* is tangent to each (Figure 8).

6 Conclusion

A real matrix M is a coordinate presentation of an intrinsic geometric object: its
Isbell nucleus. The projective nucleus PNuc(M) carries a Hilbert projective metric
and a witness-cell decomposition, both arising directly from the enriched-categorical
structure, and both invariant under the external gauge transformations that express
the freedom in choosing a coordinate presentation. The gap matrix §(/9) ties these
two geometries together pointwise.
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6.1 What the gap matrix organizes

For a nucleus point (f,g), the gap matrix 69 (¢c,d) = M(c,d) — f(c) — g(d) is a
nonnegative matrix that simultaneously plays three roles. Its zero pattern determines
the witness cell containing (f, g). Its positive entries are the exact projective distances
to the event loci where new witnesses appear (the Events Theorem). And thresholding
it at successive radii extracts a tower of formal concept lattices, capturing the discrete
combinatorial structure visible from (f, g) at each resolution.

The gap matrix can therefore be regarded as a local coordinate system for the poly-
hedral geometry, expressed in the projective metric, that at the same time organizes
the lattice-theoretic shadow of the surrounding cell structure.

6.2 Discrete algebraic structure from continuous geometry

The lattice-tower construction in Section 4 extracts discrete algebraic objects—formal
concept lattices with joins, meets, and Galois connections—from the continuous pro-
jective geometry of PNuc(M). The key point is that the correct thresholding is not
performed on the matrix M directly, but on the gap matrix §(/:9) at a chosen base-
point. This pointed thresholding is geometrically meaningful: it records which event
loci lie within a given projective radius. Proposition 46 makes this precise, and Propo-
sition 47 shows that on each order chamber the real-parameter family factors through
a finite tower of concept lattices with canonical floor mergers. Moving to a face of the
chamber complex merges consecutive floors, producing canonical specialization maps
(Proposition 48).

The order-chamber complex thus carries a constructible sheaf of lattice towers,
determined by the projective geometry of PNuc(M ), in which each lattice encodes the
Galois-closed dependencies among row—column incidences visible at a given resolution.

6.3 Chebyshev centering and minimum cycle means

The Centering Theorem (Theorem 53) adds a further layer to the interaction between
metric and polyhedral structure. While the Events Theorem measures how far a given
point is from each cell wall, the Centering Theorem identifies the point that maximizes
the minimum such distance. The optimal radius turns out to equal the minimum
directed cycle mean of an edge-weighted digraph derived from the matrix, connecting
the projective geometry of the nucleus to the classical theory of optimal assignment (3,
4] and to Karp’s characterization of minimum cycle means [2]|. At the Chebyshev center,
the smallest gap e; is achieved with multiplicity at least n—generically exactly n—
so the center is equidistant from n event loci, analogous to the incenter of a simplex.
The pair sums S(c, ) = M(c,0(¢)) + M(c,0(c)) — M(c,0(c)) — M(c',0(c)), being
intrinsic to the matrix, obstruct higher multiplicities for e; and explain why only e;
generically exhibits this phenomenon.
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6.4 Further directions

Several directions remain open. Beyond the finite discrete case treated here, it would
be interesting to understand what replaces the witness-cell and order-chamber strat-
ifications for general small R-categories, and whether the Events Theorem has an
analogue in that setting.

Within the discrete setting, the chamberwise lattice towers suggest computable
invariants of the nucleus that go beyond the cell structure alone. As the basepoint
moves, concepts are born and die at different event radii; tracking these births and
deaths produces persistence-type summaries of the lattice changes. In applications
where the matrix M arises from data, the lattice tower at a point provides a structured
decomposition of the data into formal concepts at varying resolutions, with the Galois
connections at each level encoding principled algebraic operations (joins and meets) on
the resulting clusters. Developing these invariants in examples is a natural next step.

A further direction concerns nuclei endowed with additional compatible structure.
When the profunctor is compatible with monoidal data, the nucleus inherits richer
operations relevant to linear realizability; see [25-27]. The interaction between these
monoidal structures and the projective metric geometry of the present paper remains
to be explored.
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